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ABSTRACT. Some V3!-conservation results.

Definition 0.1. A theory I' is AEU-conservative over another theory A if
and only if

F+AFy < AFY
for every IIi-sentence 1 of the form VX3!Y ¢ where ¢ is arithmetic.

The general approach to obtain AEU-conservation is as following: given
any (countable) model M = (M,Sp) = A, build S, Sz, S3 such that Sy =
S1N 82, S1US2 C Sz and (M, S;) ):F-FA for 1 <4<3.

1. COH 1s AEU-CONSERVATIVE OVER RCAg
Theorem 1.1. COH is AEU-conservative over RCAg.

Proof. Fix a countable M = (M,Sy) = RCA,.

By Mathias forcing, it is easy to construct an M-infinite Gy such that
M|[Gy] E RCAj and Gy is M-cohesive, i.e., for every X € Sy either Gy — X
or Gop — (M — X) is M-finite.

Suppose that we have constructed G; for i < 2k + 1 such that

o M[D;op11 Gil = RCA,,
o Gaj (Gajy1) is cohesive over M ; Gayr] (M[D; ; Gajr+1]),

o M[D, 111 G2l "N M[D; G2j1] = M.
We construct Gopy1 by constructing a sequence of Mathias conditions
((on, Xpn) : n € w) such that

(1) 0 € M and X, € M[@jd@ G2j+1],

(2) On C On+1 and (O'n+1,Xn+1) <wm (UnaXn)a

(3) for each X € M|, G2;j+1] there exists n such that either X,, C X
or X, C M — X,

(4) for each e € M there exists n such that either ®c(B; 1 Goj) #
‘I’e(®j<k G2j+1 D Un) or q)€(®j<k: G2j+1 D G) <r @j<k G2j+1 for
every G satisfying (o, X5,),

(5) for each X formula (z) there exists n such that

M[ P Gil (00, Xn) IF I,
1<2k+1
1



2 TAKAYUKI KIHARA AND WEI WANG

(1) is automatic. (2) and (3) are easy. (4) can be obtained by splitting. (5)
can be done as the proof that COH is IT}-conservative over RCAg, because
that M[@;_ 9141 Gi] = RCAy.

As soon as we have Gy 1, we can construct Gag4o with similar properties.
Eventually we have a sequence (G, : n € w) such that

e M[Gy,G1,...,Gp,...] ERCAy,
e Gop (Gaky1) is cohesive over M[@Kk Gaj] (M [®j<k G2j+1]),
° M[GQ,GQ, ey Gop,y o ] N M[Gl,Gg, co o, Gopyq, ] = M.

By the proof that COH is ITi-conservative over RCAy, there exists (M, S)

such that M[Go,G1,...,Gy,...] € (M,S) = COH. O



