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Abstract. Some ∀∃!-conservation results.

Definition 0.1. A theory Γ is AEU-conservative over another theory Λ if
and only if

Γ + Λ ⊢ 𝜓 ⇔ Λ ⊢ 𝜓
for every Π1

2-sentence 𝜓 of the form ∀𝑋∃!𝑌 𝜑 where 𝜑 is arithmetic.

The general approach to obtain AEU-conservation is as following: given
any (countable) model ℳ = (𝑀,𝒮0) ∣= Λ, build 𝒮1,𝒮2,𝒮3 such that 𝒮0 =
𝒮1 ∩ 𝒮2, 𝒮1 ∪ 𝒮2 ⊆ 𝒮3 and (𝑀,𝒮𝑖) ∣= Γ + Λ for 1 ≤ 𝑖 ≤ 3.

1. COH is AEU-conservative over RCA0

Theorem 1.1. COH is AEU-conservative over RCA0.

Proof. Fix a countable ℳ = (𝑀,𝒮0) ∣= RCA0.
By Mathias forcing, it is easy to construct an 𝑀 -infinite 𝐺0 such that

ℳ[𝐺0] ∣= RCA0 and 𝐺0 is ℳ-cohesive, i.e., for every 𝑋 ∈ 𝒮0 either 𝐺0−𝑋
or 𝐺0 − (𝑀 −𝑋) is 𝑀 -finite.

Suppose that we have constructed 𝐺𝑖 for 𝑖 < 2𝑘 + 1 such that

∙ ℳ[
⊕

𝑖<2𝑘+1𝐺𝑖] ∣= RCA0,
∙ 𝐺2𝑗 (𝐺2𝑗+1) is cohesive over ℳ[

⊕
𝑗′<𝑗 𝐺2𝑗′ ] (ℳ[

⊕
𝑗′<𝑗 𝐺2𝑗′+1]),

∙ ℳ[
⊕

𝑗<𝑘+1𝐺2𝑗 ] ∩ℳ[
⊕

𝑗<𝑘𝐺2𝑗+1] = ℳ.

We construct 𝐺2𝑘+1 by constructing a sequence of Mathias conditions
((𝜎𝑛, 𝑋𝑛) : 𝑛 ∈ 𝜔) such that

(1) 𝜎𝑛 ∈𝑀 and 𝑋𝑛 ∈ ℳ[
⊕

𝑗<𝑘𝐺2𝑗+1],

(2) 𝜎𝑛 ⊂ 𝜎𝑛+1 and (𝜎𝑛+1, 𝑋𝑛+1) ≤𝑀 (𝜎𝑛, 𝑋𝑛),
(3) for each𝑋 ∈ ℳ[

⊕
𝑗<𝑘𝐺2𝑗+1] there exists 𝑛 such that either𝑋𝑛 ⊂ 𝑋

or 𝑋𝑛 ⊂𝑀 −𝑋,
(4) for each 𝑒 ∈ 𝑀 there exists 𝑛 such that either Φ𝑒(

⊕
𝑗<𝑘+1𝐺2𝑗) ∕=

Φ𝑒(
⊕

𝑗<𝑘𝐺2𝑗+1 ⊕ 𝜎𝑛) or Φ𝑒(
⊕

𝑗<𝑘𝐺2𝑗+1 ⊕ 𝐺) ≤𝑇
⊕

𝑗<𝑘𝐺2𝑗+1 for

every 𝐺 satisfying (𝜎𝑛, 𝑋𝑛),
(5) for each Σ1 formula 𝜑(𝑥) there exists 𝑛 such that

ℳ[
⊕

𝑖<2𝑘+1

𝐺𝑖] ∣= (𝜎𝑛, 𝑋𝑛) ⊩ 𝐼𝜑.

1



2 TAKAYUKI KIHARA AND WEI WANG

(1) is automatic. (2) and (3) are easy. (4) can be obtained by splitting. (5)
can be done as the proof that COH is Π1

1-conservative over RCA0, because
that ℳ[

⊕
𝑖<2𝑘+1𝐺𝑖] ∣= RCA0.

As soon as we have 𝐺2𝑘+1, we can construct 𝐺2𝑘+2 with similar properties.
Eventually we have a sequence (𝐺𝑛 : 𝑛 ∈ 𝜔) such that

∙ ℳ[𝐺0, 𝐺1, . . . , 𝐺𝑛, . . .] ∣= RCA0,
∙ 𝐺2𝑘 (𝐺2𝑘+1) is cohesive over ℳ[

⊕
𝑗<𝑘𝐺2𝑗 ] (ℳ[

⊕
𝑗<𝑘𝐺2𝑗+1]),

∙ ℳ[𝐺0, 𝐺2, . . . , 𝐺2𝑘, . . .] ∩ℳ[𝐺1, 𝐺3, . . . , 𝐺2𝑘+1, . . .] = ℳ.

By the proof that COH is Π1
1-conservative over RCA0, there exists (𝑀,𝒮)

such that ℳ[𝐺0, 𝐺1, . . . , 𝐺𝑛, . . .] ⊆ (𝑀,𝒮) ∣= COH. □


