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Abstract

We introduce the notion of a convex tree. We show that the binary
expansion for real numbers in the unit interval (BE) is equivalent to
weak Ko6ning lemma (WKL) for convex trees having at most two nodes
at each level, and we prove that the intermediate value theorem (IVT)
is equivalent to WKL for convex tree, in the framework of constructive
reverse mathematics.
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1 Introduction

In Bishop’s constructive mathematics [2, 3, 4, 5], the binary expansion of real
numbers in the unit inteval:

BE: Every real number in [0, 1] has a binary expansion,
and the intermediate value theorem:

IVT: If f:]0,1] — R is a uniformly continuous function with f(0) <0 <
f(1), then there exists x € [0, 1] such that f(z) =0,
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respectively imply the lesser limited principle of omniscience (LLPO or X9-
DML) which is an instance of De Morgan’s law (DML):

VaB[~En(aln) # 0) A 3n(B(n) # 0)) = ~3n(aln) # 0) V -3n(B(n) £ 0)]';

see [13, 5.9] for BE, and [4, 3.2.4] and [14, 6.1.2] for IVT; for a constructive
version of IVT, see [3, 2.4.8], [4, 3.2.5] and [14, 6.1.4, 6.1.5].

In the presence of the axiom of countable choice, which is assumed in
Bishop’s constructive mathematics, we can show the converses, and hence
BE and IVT are respectively equivalent to LLPO. Note that, in the absence
of the countable choice, we are able to show, in constructive mathematics,
that BE and IVT follow from weak Koning’s lemma:

WKL: Every infinite tree has a branch.

Ishihara [6] showed that WKL is equivalent to LLPO in Bishop’s construc-
tive mathematics, and it has been noticed that most mathematical theorems
equivalent to LLPO in Bishop’s constructive mathematics are equivalent to
WKL in the Friedman-Simpson program, called (classical) reverse mathemat-
ics; see [11] for reverse mathematics. Note that some mathematical theorems
equivalent to WKL in classical reverse mathematics are equivalent to the
fan theorem (FAN), which is a classical contraposition of and constructively
weaker than WKL; see [7], [10] and [8], and also [1].

Of course, there are exceptions. Since BE and IVT are provable in the
subsystem RCA, of second order arithmetic, the base system for classical
reverse mathematics, and RCA, does not prove WKL, neither BE nor IVT
proves WKL; see [11, I1.6.6]. Therefore, although each of BE and IVT implies
LLPO, they are strictly weaker than WKL.

Since classical reverse mathematics is formalized with classical logic, we
cannot classify theorems, such as BE and IVT which are provable in RCA,
and theorems in intuitionistic mathematics or in constructive recursive math-
ematics which are inconsistent with classical logic. On the other hand, since
Bishop’s constructive mathematics is an informal mathematics using intu-
itionistic logic and is assuming some function existence axioms (the axiom

'Here and in the following, we follow the notational conventions in [14]: m,n, i, j, k are
supposed to range over N, a, b, c over the set N* of finite sequences of N, and «, 3,7, d
over NN: |a| denotes the length of a finite sequence a, and a * b the concatenation of two
finite sequences a and b; @a(n) and @(n) denote the initial segments of a and « of length
n, respectively, where n < |al.



of countable choice), we cannnot directly bring theorems of Bishop’s con-
structive mathematics into classical reverse mathematics. The aim of con-
structive reverse mathematics is to classify various theorems in intuitionistic,
constructive recursive and classical mathematics by logical principles, func-
tion existence axioms and their combinations over an intuitionistic system
without the axiom of countable choice which is a subsystem of RCAy; see
[7], and [15] for intuitionistic reverse mathematics.

In this paper, we deal with, in constructive reverse mathematics, how
weaker BE and IVT are than WKL, and which of them is weaker than the
other. After reviewing our base system only with the quantifier-free axiom
of countable choice for constructive reverse mathematics in the section 2, we
introduce the notion of a convex tree. We show that WKL for trees having
at most (exactly) two nodes at each level and WKL for convex trees having
at most (exactly) two nodes at each level are equivalent in the section 3. In
the section 4, we show that BE is equivalent to WKL for convex trees having
at most two nodes at each level, and, in the section 5, we show that IVT
implies WKL for trees having exactly two nodes at each level, and hence IVT
implies BE. Finally we prove that IVT is equivalent to WKL for convex tree.

Since our base system is a subsystem of RCA,, we see that WKL for
convex trees is derivable in RCA,.

2 A subsystem of elementary analysis

We adopt a subsystem ELj of elementary analysis EL [14, 3.6] as a formal
base system for constructive reverse mathematics. The language of EL con-
tains, in addition to the symbols of HA, unary function variables, denoted
by a, 8,7,9, ..., the application operator Ap, the abstraction operator A and
the recursor . We write ¢(t) for Ap(p,t). The logic of EL is two-sorted
intuitionistic predicate logic. As non-logical axioms we have the axioms of
HA, with induction extended to formulae of the language of EL, the axiom
for A-conversion, the axioms for the recursor, and the quantifier-free axiom
of choice:

QF-ACgo:  Vm3anA(m,n) — JaVmA(m, a(m)),

where A is a quantifier-free formula and does not contain « free; see [14, 3.6]
for more details. The subsystem ELj is obtained from EL by restricting the
induction-axiom schema to quantifier-free formulae:



QF-IND:  A(0) AVm(A(m) — A(S(m))) — VmA(m),

where A is a quantifier-free formula.
Note that functions in ELj contain all primitive recursive functions, and
are closed under primitive recursion.

Proposition 1. X0-IND is derivable in ELy.

Proof. Let A(m) be a X{-formula of the form InB(m,n), where B(m,n) is
quantifier-free. Note that Vmn(B(m,n)V—-B(m,n)) as B(m,n) is quantifier-
free. Suppose that A(0) and Vm(A(m) — A(S(m))). Then, by intuitionistic
predicate logic, we have

VYmn3k(B(m,n) — B(S(m), k)),
and hence, by QF-ACqg, there exists « such that
Vmn(B(m,n) = B(S(m),a(j(m,n)))),

where j is a coding function of pairs of natural numbers. Since A(0), there
exists ng such that B(0,ng). Define a function « by primitive recursion such
that

7(0) = no, Y(S(m)) = a(j(m,v(m))).

Then we have
B(0,7(0)) AVm(B(m,y(m)) = B(S(m),(5(m)))),
and therefore VmB(m,y(m)), by QF-IND. Thus VmA(m). O

There is no difficulty at all to establish basic theorems of arithmetic (on
natural numbers) in ELg, as in [14, 3.2]. Using the pairing function j, we
can code n-tuples of natural numbers, finite sequences of natural numbers,
integers and rationals into natural numbers, develop the elementary theory
of operations and relations on Z, Q, N* and {0, 1}*, and prove their basic
properites in ELj.

In the language of EL (and hence ELy), a detachable subset S of N is
given by its characteristic function xg : N — {0, 1} such that

Vn(n € S+ xs(n) =1).



We adopt a definition of real number with a fixed modulus: a real number
is a sequence (p,), of rationals such that

Ymn (|pm —pal <27+ 2_") )

The relations <, <, and = between real numbers = = (p,), and y = (¢u)n
are defined by
T <y<eIn (27" < g —pa),

r<ys(y<z), and r =y < x <y Ay <z, respectively. There is no
trouble to define the arithmetical operations on the reals, and to show basic
theorems on them in ELg; see [9, Section 4] and [14, 5.2 and 5.3]. Note that
for each real number x = (p,),, we have Vn(|z — p,| < 27"); see [9, Lemma
4.4] and [14, Propositions 5.2.14 and 5.2.15].

Especially, the inequality relation < is cotransitive, that is, for z,y,z € R

r<y—r<zVzy,

see [2, Chapter 2, Corollay], [3, Corollay 2.17], and also [14, 5.2.9]. Note that
for a given n, using the cotransitivity, we can devide a detachable index set
I of a set {x; | ¢ € I} of real numbers into disjoint detachable subsets I_, I
and [T such that i € I_ —x; < 0,i € Iy — |v;| < 2™ and i € [, — 0 < x;.

A uniformly continuous function f :[0,1] — R consists of two functions
v:QxN — Qand v: N — N such that f(p) = (¢(p,n)), € R, and for
each k and p,g € Q with 0 <p,q¢ <1

p—ql <27® = [f(p) — flq)] < 27"

Then the uniformly continuous function f : [0,1] — R is given by

f(x) = (p(min{max{p,(m), 0}, 1}, 1+ 1))n,

where x = (p,), € [0,1] and p(n) = v(n+ 1) +1, and its modulus of uniform
continuity is y; see [9, Proposition 15].

3 Weak Konig’s lemma for convex trees

For a,b € {0,1}*, let a < b denote that a is an initial segment of b, that is,
a=<bs|a| <|b| Ab(Ja|) = a. Note that a < cAb<c—a=<bVb=a.

Let a C b denote that a is on the left of b (b is on the right of a), that is,
aCbs Ju=<alux(0) <aAux(l) =b). It is straightforward to show the
following lemma.



Lemma 2. 1. =(aC a),
2.aCbANbDCc—alCec,
3.,aCbvbCaVa=<bVb=a,

ax(0) CbralbVax(l) <D,

ax(l)Cb<>al b,

aCbx(0)<>alC b,

aCbx(l)<>aC bVbx*(0)<a,

aCbANd =a—d CbVvad <b,

© »® NS &

aCObANY Xb—aC VU VY <a,
10. d COVANd ZanNb Sb—al b,
11. =(a*(0) C b ax(1)).

Let aCb<saC bVa=<bVb=a. Then it is easy to see the following
lemma.

Lemma 3. 1.aCbAd ZRa—d Cb,
2.aCbAY Sb—al ¥,
3. aCb—ax(0)Cb,
4. aCb—albx (1),
5. lal=1b| > (a@Cb<alC bVa=b),
6. laj=1b| > (aCbAbBTC c—al c),
7. la| =10l > (@aCbALE c—aCc).

For a detachable subset S of {0,1}*, we write S, for the set {a € 5 |
la| = n} and |S,,| for the number of elements of S,,. We say that, for each n,
a subset C' of {0,1}" is convez if for each a,b € C' and ¢ € {0,1}",

aCcCb—ceC,
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and a subset S of {0,1}* is convex if S,, is convex for each n.

A tree T is a detachable subset of {0,1}* such that () € T, and b € T
and a < b imply a € T for each a,b € {0,1}*, and a tree T is infinite if T,,
is inhabited for each n. A sequence a € {0, 1} is a branch of a tree T' if all
initial segment of « are in T, that is, Vn(a(n) € T).

A tree T has at most (exactly) k nodes at each level if |T,, 1| < k (respec-
tively, |T,+1| = k) for each n. Let WKL<, (WKLy) denote WKL for trees
having at most (respectively, exactly) k nodes at each level, and let WKL¢
denote WKL for convex trees. Also we write WKLS, (WKLY) for WKL for
convex trees having at most (respectively, exactly) k nodes at each level.

Note that, since [T}, 41| < 2|T,|, we have [T, 41]/2"™ < |T,,|/2", and hence
the sequence (|T},|/2"),, is nonincreasing.

Proposition 4. Let T' be an infinite convex tree such that
|T.]/2" — 0 as n — o0 (1)

with a modulus of convergence. Then there exists an infinite convex subtree
T of T having at most two nodes at each level.

Proof. Let T be an infinite convex tree such that |7,,]|/2" — 0 as n — o0
with a modulus 1 : N — N of convergence, that is, |Tj|/2¢™ < 27"
for each n, and let (a,), and (b,), be sequences of {0,1}* such that T,, =
{c € {0,1}" | a, C ¢ C b,} for each n. We may assume, without loss of
generality, that n < u(n) < pu(n + 1) for each n. Define sequences (ay,), and
(0))n by @, = @umy(n) and b, = by (n). If a), C c C ¥, for ¢ € {0,1}",
then a,m) C c*xu T by for each u € {0, 1}“(”)*”, by Lemma 2 (10), and
hence 2#W=" < |T, n)| or 27" < |Tum|/2#™), a contradiction. Therefore

—(a,, C e b)), and so T) = {al, b} is convex and has at most two nodes.
Since ayn) T Gpuinyn) (1(n )) C bu(n), we have a), T @31y (n) C b, by Lemma
3 (1) and (2), and hence m( n) = a, or W( n) = b, by Lemma 3
(5). Therefore a), =< aj,, or b}, = a ;. Similarly, we have a, = b4 or
b, 2 b, . Thus T' = 2,7 is an infinite convex subtree of T" having at

n=0"n
most two nodes at each level. O

Let WKL?, , denote WKL for convex trees with the property (1) in Propo-
sition 4. Then we have the following corollary.

Corollary 5. The following are equivalent.



1. WKLS,,

2. WKLS,, (k>3),

3. WKLS,,.
Proof. Straightforward by Proposition 4. ]
Theorem 6. The following are equivalent.

1. WKL,

2. WKL,

3. WKLS,,

4. WKL3.

Proof. Since WKL<y = WKLy, = WKL; and WKL<y = WKLZ, = WKLj
are trivial, it suffices to show that WKL = WKL<,. -

(WKLS = WKL<y): Suppose WKLS, and let T" be an infinite tree having
at most two nodes at each level. Then there exist sequences (a,), and (b,),
of {0,1}* such that T, = {a,,b,} and a, C b, for each n. Note that, since
T is a tree, we have a, = a1 A ap 2 bpi1, an T by Aby X Ay Aby = by,
or a, C by, Na, = app1 A by <X byyq for each n. Define sequences (a!,), and
(b)) of {0,1}* by af, = by = () and

an =a,*(0), b =a,x(1) ifa, < anp1 Aay = bpy,

Gy = b, % (0), by = b), (1) %f p C b Ay =2 g A by =2 by,

an=ap* (1), O, =b,%(0) ifa, by, Aan =< app1 Aby = bpya.
Then it is straightforward to show, by induction on n, that |a,| = |¥],| = n,

a, ., C b, and —3c(a, T c C b)) for each n, using Lemma 2 (11), (5) and
(6). Therefore T = |J;~,{a,,b,} is an infinite convex tree having exactly
two nodes at each level, and so there exists a branch a in 7", by WKLS.
Define a mapping f : 7" — T by f(a!) = a, and f(b)) = b, for each n.
Then |f(a')| = |d'| for each o' € T", and it is straightforward to see that
fa') =2 f(da’ = (i)) for each a’,a’ * (i) € T’. Thus the sequence (f(a(n))),
defines a branch in 7. ]



4 The binary expansion

For a € {0,1}*, define a rational number [, inductively by Iy = 0, lowo) = la
and lg.y = lo + 2-(al+D) "and let r, = I, + 271°l. Note that @ < b implies
l, <1, and a C b implies 271 < [, — [,.

Proposition 7. Let T' be a tree, and let x be a real number such that
Vnda € T,(Jx — l,] <27").

Then there exists an infinite convex subtree T' of T' having at most two nodes

at each level, and
vnva' € T, (Jx — Iy < 27").

Proof. Let T be a tree, and let = be a real number such that Ja € T,,(|Jz—1,| <
27") for each n. Let © = (¢,), such that |¢, — ¢,| < 27™ 4 27" for each n
and m, and let

T, ={a(n) | a € Thea Algnia — lo| <27} C T,

for each n. Then for each n, since there exists a € T, 12 such that |z —[,| <
2-("+2) e have

(Gnsa — Lol < |gnsa — 2] + |2 — 1| < 270 4 27 (042 < 9= (ndD),

and hence T, is inhabited. Assume that a x (i) € T ;. Then there exists
b € T3 such that b(n+1) = ax (i) and |g,y5 — lp] < 272 and hence,
setting ¢ = b(n + 2) € T,, 2, we have a = ¢(n) and

\@nta — le| < |@nya — Gns| + |@nts — b + |l — 1
< 2—(n+4) + 2—(n+5) + 2—(n+2) ‘l’ 2—(n+3) < 2—(n+1).

Therefore a € T),. If o' C ¢ C b with o’,b' € T} and ¢ € {0,1}", then there
exist a,b € T4y such that o’ = a(n), ¥ = b(n), |gnra — la| < 27D and
|Gnia — ] < 2=+ “and hence

27 =274 27 < (ly — 1) + (L — L)

= (lb’ - lb) + (lb - Qn+4) + (Qn+4 - la) + (la - la’)
<0 + 27(TL+1) + 27(n+1) 4 9N 27n+1’



a contradiction. Therefore 7}, is convex and has at most two nodes. If o’ € T},
then there exists a € Ty, such that @’ = a@(n) and |gu4 — lo| < 27+, and
hence

’:C - la’| S ‘l‘ - Qn+4‘ + ‘Qn+4 - la| + |la - la’| < 27(n+4) +27(n+1) +27n < 27n+1'

Thus 77 = U,., 7, is an infinite convex subtree of T with the required

properties. ]
Theorem 8. The following are equivalent.

1. BE,

2. WKLS,,

Proof. Tt suffices to show that BE = WKL; and WKLZ, = BE, by Theorem
6.

(BE = WKL3): Suppose BE, and let T" be an infinite convex tree having
exactly two nodes at each level. Then there exist sequences (a,), and (b,),, of
{0,1}* such that T,, = {an, b,} and a,41 C b,y for each n. Note that, since
T is a tree, we have a,11 = ap % (0) Abyi1 = ap* (1), apy1 = by x (0) Abyyg =
by % (1), or ap1 = an * (1) A bpyr = b, * (0) for each n. Define sequences
() and (8, ), of {0, 1}* by a = b = (),

al2n+1 = a,2n * <O>7 b/2n+1 = al2n * <1> if Ap41 = Ap X <O> A bn+1 = ap * < >a
<O>7 b/2n+1 = b,2n * <1> if An41 = bn * <O> A bn+1 = bn * <1>,
<1>7 b/2n+1 = b,2n * <0> lf a’TH-l = aTL * <1> /\ bn+1 - bn * <0>7

i /
Ay = boy, *

/ )
Aopy1 = Qg *

and
Ugpya = Qi1 * (1), bhyig = bhyyq % (0).

Then it is straightforward to show, by induction on n, that |a| = |b],| = n,
a,,, C b, and =3c(a;, C c C b)) for each n, using Lemma 2 (11), (5) and
(6). Therefore T" = |~ {a,,, b, } is an infinite convex tree having exactly
two nodes at each level. It is straightforward to see, by induction on n, that
lb;+1 — la§1+1 = 2=+ for each n, and hence 0 < la;m —lg < 277 for each
n. Therefore (I ), is a Cauchy sequence of rationals, and so it converges to
a real number z in [0, 1]. Note that l,, <z <l, +27"" and x <1l +27"
for each n. By BE, there exists a € {0, 1}N such that x = >_°° (i) - 27+,
Note that lgn) < lams1) and o < lgp) +27".
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We show that « is a branch in 7. Assume that @(n) ¢ 7", and choose m
so that n < 2m+1. Then @(2m +1) ¢ T3, ,, and hence either &@(2m+ 1) C
U1 OF Uy © @(2m + 1), by Lemma 2 (3). In the former case, since
& <lgomir) + 27 <,y we have

T+ 2—(2m+2) <1,

— YAy, 49 + 2_(2m+2) = ly < xz,

Aom+2 —

a contradiction. In the latter case, since I, +27Cm+D <[00y < 2, we

2m+1
have

4 9=(@m+2) 4 o-(m+2) _ Iy +o-@mt) < o

2m+1 —

z+2-Cm2) <,

2m+2

a contradiction. Therefore @(n) € T". Let 5(n) = a(2n). Then it is straight-
forward to show, by simultaneous induction on n, that @(2n) = a}, implies
B(n) = a, and @(2n) = b, implies B(n) = b,, for each n. Thus 3 is a branch
inT.

(WKLS, = BE): Suppose WKLS,. Let z € [0,1], and let "= {0, 1}* be
the complete binary tree. Then Ja € T,,(|z —1,| < 27") for each n, and hence
there exists an infinite convex subtree T of T having at most two nodes at
each level and Va' € T/ (Jx — lo| < 27"!) for each n, by Proposition 7. By
WKL, there exists a branch « in 7", and hence in T'. Since

2 =300 i) - 27| < o=l |+ [lam) — Dopop (i) - 270D < 277 277

for each n, we have x = Z;’io i) - 9—(i+1) 0

5 The intermediate value theorem

For a € {0,1}", define a rational number [;, inductively by lj, = 1/3, 1, = [;
and [,y = I/ +2-370a+2) "and let v/, = I’ +37(al+D Note that a < b implies
I, <li and ) <7/, and a C b implies 3719+ <[/ — /.

Proposition 9. IVT implies WKLs.

Proof. Suppose IVT, and let T be an infinite tree having exactly two nodes
at each level. Then there exist sequences (a,), and (b,), of {0,1}* such
that ag = by = (), T, = {an,b,} and a1 T bpyy for each n. Note that
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r <l <7 < r, for each n, and hence I’ < r, for each n and m.
an an+41 bn+1 bn ’ an bm

For each n, define a uniformly continuous function f,, : [0,1] — R by

falw) = max{min{l', ' (x = 1}, ),0}, (1 =7} ) (z =1}, )}.

Note that x < [, if and only if f,(z) < 0, I, < x < r, if and only if
fo(z) = 0, 1, < xif and only if 0 < f,(2), f.(0) = —1, and f,(1) = 1.
If fo(z) < 0 and 0 < fp(x) then z < [, < r, < x, a contradiction.
Hence if f,(z) < 0 for some n, then f,(x) < 0 for each m. Similarly, if
0 < fu(x) for some n, then 0 < f,,(z) for each m. Moreover, note that
|fu(x) — fu(y)| < 3|z —y| for each z,y € [0, 1]. Let

f(z) = Z 2~ £ ().

Then f :[0,1] — R is a uniformly continuous function such that f(0) < 0 <
f(1), and hence there exists « € [0, 1] such that f(z) =0, by IVT.

We define inductively a sequence (¢, ), of T such that |c,| = n, ¢, < 1,
and Vm > ndc € T,,(c,, = ¢) for each n. Then, trivially, the sequence (c,),
defines a branch in T. Let ¢y = (), and suppose that ¢, has been defined.
If ¢, < apy1 and =(¢, < byy1), then set ¢,y1 = any1, and if ¢, < b,41 and
—(cy, X apy1), then set ¢, 11 = byy1. If ¢, < apyq and ¢, < by11, then, since
Taner T 3-(n+2) < ly,,, either r; <z oraz <l . In the former case,
assume that m > n+1 and —(b,11 =< by,). Then a,41 < by, and, since r, <
Tany, < @, we have 0 < 2-(m+D ¢ (2) < f(z), a contradiction. Therefore

bpi1 = b, for each m > n + 1, and set ¢,.1 = b,y1. In the latter case,
similarly we have a,, .1 < a,, for each m > n + 1, and set ¢,11 = a,y1. O

Corollary 10. IVT implies BE.
Proof. By Proposition 9, Theorem 6 and Proposition 8. O

Lemma 11. Let a,b € {0,1}* be such that a = b. Then there exist ¢,d €
{0,1}* such that |c| = |al, |d| = |bl, a T cC b, aCdC b l.=r, and
Ta = lb.

Proof. For u € {0,1}* with |u| > 0, define suc(u) in {0, 1}* inductively by

suc((0)) = (1), suc((1)) = (1),
suc(u * (0)) = u= (1), suc(ux* (1)) = suc(u) * (0).
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It is stratightforward to show, by induction on a, that |suc(a)| = |a|. We
show, by induction on a, that if a C b, then a C suc(a) C b and lsue(a) = 7a-
Suppose that a C b. Then —(a = (1)) and —(b = (0)). If a = (0), then (1) <
b, and hence a T suc(a) T b and lyeq) = 1/2 = 74. If @ = u=(0), then either
u C borux(l) = b, by Lemma 2 (4), and, by Lemma 2 (5), in both cases, we
have a C suc(a) C b and lyc(q) = 42~ (ul+1) = lu*<0>+2*(|"‘+1) = r,. Assume
that @ = ux(1). Then u C b, by Lemma 2 (5), and hence v C suc(u) C b and
lsue(u) = Tu by induction hypothesis. Therefore a C suc(a) C b, by Lemma 2
(5) and (6), and Lemma 3 (3), and

lsuc(a) = lsuc(u) + 27(‘u‘+1) =Tyt 27(|u|+1)
2D ) g
For u € {0,1}* with |u| > 0, define prd(u) in {0, 1}* inductively by

prd((0)) = {0), prd({(1)) = (0),
prd(u * (0)) = prd(u) * (1), prd(u* (1)) = u * (0).

Then, similarly, we see that [prd(b)| = |b], a C prd(b) C b and rpqpy = . O
Theorem 12. The following are equivalent.

1. IVT,

2. WKL*.

Proof. (IVT = WKL): Suppose IVT, and let T" be an infinite convex tree.
Then there exist sequences (a,), and (b,), of {0,1}* such that T,, = {c €
{0,1}" | a,, C ¢ C b,} for each n. For each n, define a uniformly continuous
function f, : [0,1] — R by

fu(r) = max{min{(l,, + 1) '3z —l,, —1),0},(2—1,,) (3 — 7y, — 1)}.

Note that if f,,(z) =0, then l,, <3z —1 <, if f,(x) < 0 for some n, then
fm(z) <0 for each m, and if 0 < f,,(z) for some n, then 0 < f,,(z) for each
m. Let

flx) = 27V fo (@),

Then f : [0,1] — R is a uniformly continuous function such that f(0) <
0 < f(1), and hence there exists = € [0,1] such that f(z) = 0, by IVT.
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For each n, since f,(x) = 0, we have l,, < 3z —1 <, and hence Ja €
T,(](3x —1) —1,] < 27"). Therefore there exists an infinite convex subtree 7"
of T" having at most two nodes at each level, by Proposition 7. By Proposition
9 and Theorem 6, there exists a branch in 7", and hence in T.

(WKL® = IVT): Suppose WKL, and let f : [0,1] — R be a uniformly
continuous function such that f(0) < 0 < f(1). Then we define inductively
sequences (ay), and (by,), of {0,1}* such that for each n

1. |a,| = |bn| = n and a, C by,

2. flla,) <0< f(rs,),
3. Vee{0,1}"(a, C cC b, — |f(l.)] <27™).

Let ap = by = (), and suppose that a, and b, have been defined. Then we
devide the set

S={ue{0,1}"" | I e{0,1}(a, TvT b, ANv=u)}

into disjoint detachable subsets S_, Sy and S, such that ¢ € S_ — f(l.) < 0,
ceSo—|fll.)) <2 ™and c e Sy —0 < f(l.). If S_ is inhabited, then choose
a1 € S_ so that =3v € S_(a,4+1 C v), and otherwise set a,11 = a, * (0).
If {u € S¢ | apy1 C u} is inhabited, then choose ¢ € S so that a,.; C
cAN—-F € Si(ans1 C v C ¢) and choose b,y1 € S, by Lemma 11, so that
Unt1 C bpy1 C cand 1y, ., = I , and otherwise set b, = by, * (1).

It is trival that |a, 1| = |bns1| = n+1and a,41 C byyq. If S_ is inhabited,
then, since a,+1 € S_, we have f(l,,,,) <0, and otherwise, since l,,,, = l,,,
we have f(l,,,,) <0. If {u € Sy | ap+1 T u} is inhabited, then, since there
exists ¢ € S such that r;,, , = ., we have 0 < f(r3,,,), and otherwise, since
Tbpir = Tb,, We have 0 < f(ry,,,). Assume that a,11 C ¢ T byyq with ¢ €
{0,1}"1. If ¢ € S_, then S_ is inhabited, and hence =3v € S_(a, 1, C v), a
contradiction. If ¢ € Sy, then, since {u € S | a,+1 C u} is inhabited, there
exists ¢ € S, such that =3v € S, (a1 Cv C ) and ayyq C byyq C ¢, and
hence a,+1 C ¢ C ¢ by Lemma 3 (6), a contradiction. Therefore ¢ € Sj.

Let T,, = {u € {0,1}" | @, C w C b,} for each n, and let T' = J>° , T),.
Then T' is an infinite convex tree, and hence there exists a branch « in T" by
WKL Let i : N — N be a modulus of uniform continuity for f such that
for each z,y € [0,1] and each n

v —yl < 27 = |f(2) = fly)l <277,
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and let = > 0% a(i) - 27+, Suppose that |f(x)| > 0, choose m so that
|f(z)| > 272 and let n = max{m, u(m)} + 1. Then, since |z — lz)| <
27" < 271m) e have

[f(la)] 2 [f(2)] =27 > 2742 — 97 > 97mH > 97,

and hence a(n) = a, and f(l,,) < —27™%1. If there exists u € {0,1}", by
Lemma 11, such that a, T u C b, then there exists ¢ € {0,1}" such that
an CcCuand |ly, —l| = |la, —7a,| = 27" < 27 and hence a, C ¢ C by,
by Lemma 3 (7), and

27" < f(l) < fllg,) +2 ™ < =27 Lo = 97 < 97

a contradiction. Therefore a,, = b,, and, since |l,, — 73, | = 27" < 27*™) we
have
0< f(rp,) < fllay) + 27 < —27™H £ 27m — _g7m

a contradiction. Thus f(x) = 0. O
Remark 13. The fan theorem for detachable bar:
FANp: Va € {0, 1}N3nB(an) — InVa € {0, 1}NIk < nB(ak),

where B is quantifier-free, is a classical contraposition of and constructively
weaker than WKL; see [14, 4.7] and [8]. Since FANp, is classically equivalent
to WKL, we have RCA I/ FANp, and therefore, since RCAy + IVT, we
have

EL + PEM + IVT ¥/ FANp,

where PEM denotes the principle of excluded middle. Since BE F LLPO
and the weak continuity for numbers (WC-N) refutes LLPO (see [14, 4.6.3
and 4.6.4]), we have WC-N 4+ BE F L, and therefore, since WC-N + FANp, is
consistent (see [12, 3.3.11 Theorem (ii)]), we have

EL + WC-N + FANp, t/ BE.

Although FANp is incompatible with Church’s thesis (CT) (see [14, 4.3.1
and 4.7.6]), since RCA( - IVT, we have REC |= IVT, that is, IVT is valid
in the model REC of RCA consisting of all recursive sets, and therefore,
since REC |= CT, we have

EL + PEM +IVT + CT I/ L.
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