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ABSTRACT. In this article, we give a full description of the topological many-
one degree structure of real-valued functions, recently introduced by Day-
Downey-Westrick. We also clarify the relationship between the Martin con-
jecture and Day-Downey-Westrick’s topological Turing-like reducibility, also
known as parallelized continuous strong Weihrauch reducibility, for single-
valued functions: Under the axiom of determinacy, we show that the con-
tinuous Weihrauch degrees of parallelizable single-valued functions are well-
ordered; and moreover, if f has continuous Weihrauch rank «, then f’ has
continuous Weihrauch rank a + 1, where f/(z) is defined as the Turing jump

of f(x).

1. INTRODUCTION

1.1. Summary. The notion of Wadge degrees provides us an ultimate measure to
analyze the topological complexity of subsets of a zero-dimensional Polish space
(see [1, 2]). Under the axiom of determinacy, the induced structure forms a semi-
well-order of the height ©, and thus it enables us to assign an ordinal rank to each
subset of such a space. Our main question is whether one can introduce a similar
ultimate measure which induces a semi-well-ordering of real-valued functions on a
Polish space. A somewhat related question is also proposed by Carroy [7]. In this
article, we give some sort of solution to this kind of problem.

(1) Topological many-one reducibility. Recently, Day-Downey-Westrick [8] intro-
duced a “many-one”-like ordering <,, on real-valued functions on Cantor space.
Their ordering <, measures the topological complexity of sets separating the lower
level sets from the upper level sets of a function. One of our main results in this
article is to show that their notion <,, behaves like a Wadge ordering, and in
particular, it semi-well-orders real-valued functions.

Definition 1.1 (Day-Downey-Westrick [8]). For f,g: 2¥ — R, we say that f is m-
reducible to g (written f <,, g) if for any rationals p and € > 0, there are rationals
r and § > 0 and a continuous function 6: 2* — 2“ such that, for any = € 2¢|

g0(@) <r+d0 = f(z)<p+e,
g@(x))>r—90 = f(z) >p—c.

One of Day-Downey-Westrick’s main discoveries is the connection between their
notion of the m-degree and the Bourgain rank (also known as the separation rank
[13]) of a Baire-one function. The latter notion is introduced by Bourgain [5] to
prove a refinement of the Odell-Rosenthal theorem in Banach space theory: The
?'-index of a separable Banach space is related to the degrees of discontinuity
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(the Bourgain rank) of double-dual elements as Baire-one functions. Day-Downey-
Westrick [8] showed the following:

e The Bourgain rank 1 consists of exactly two m-degrees, those of constant
functions and continuous functions.

e Every successor Bourgain rank > 2 consists of exactly four m-degrees,
where the first two m-degrees are incomparable, and the others are com-
parable. For instance, the first two m-degrees of Bourgain rank 2 are those
of lower semicontinuous and upper semicontinuous functions.

e For any infinite limit ordinal A, the rank A consists of exactly one m-degree.

Their result completely characterizes the structure of the m-degrees of the Baire-
one functions, that is, the m-degrees of rank below w;. In this article, we will give a
full description of the structure of the m-degrees of all real-valued functions under
the axiom of determinacy AD (or all Baire-class functions under ZFC).

Theorem 1.2 (AD). The m-degrees of real-valued functions on 2“ form a semi-
well-order of length ©, where © is the least nonzero ordinal a such that there is no
surjection from the reals onto c.

For a limit ordinal o < © and finite n < w, the m-rank o + 3n + ¢, consists of
two incomparable degrees, and each of the other ranks consists of a single degree,
where co, = 2 if a = 0; co, = 1 if the cofinality of a is w; and co, = 0 if the cofinality
of a is uncountable.

Here, recall that the axiom of determinacy, AD, is a locally true principle under
the standard axiomatic system which is adopted by most mathematicians. More
precisely, AD always holds in the inner model L(R) under ZFC plus a large cardinal
assumption [31]. Thus, even if we work in ZFC (plus extra axioms), one can under-
stand any result under AD as a statement that is true if we restrict our attention
to definable ones in a certain sense. For instance, Theorem 1.2 restricted to Baire
class functions is provable within ZFC.

(2) Topological reducibility for other spaces. So far, we have only mentioned func-
tions of Cantor domain. Now we would like to extend our results to more general
domains. The difficulty arises here by the fact that the structure of Wadge degrees
of subsets of a nonzero-dimensional Polish space is ill-behaved (cf. Tkegami et al.
[12] and Schlicht [23]).

Fortunately, Pequignot [22] has overcome this difficulty by modifying the defi-
nition of Wadge reducibility using the theory of an admissible representation, and
then, showed that the modified Wadge degree structure of subsets of a second-
countable space is semi-well-ordered. Day-Downey-Westrick [8] adopted a similar
idea to consider the notion of m-reducibility for functions of compact metrizable
domain.

By integrating their ideas, we introduce the notion of m-reducibility for real-
valued functions of (quasi-)Polish domain as follows. Let § be a total open admis-
sible representation of a Polish space X' (see Lemma 4.1). Then, we introduce the
m-degree of a function f: X — R as that of fod: w* — X. As in Pequignot [22],
this notion is easily seen to be well-defined (see Section 4). Then we will conclude
that the m-degrees of real-valued functions on Polish spaces form a semi-well-order
of length © (Observation 4.3).
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(8) Bourgain rank. Pequignot’s insightful idea also turns out to be very useful
for the Wadge-like analysis of the Bourgain rank. We discuss the Bourgain rank
in non-compact spaces (which is also considered by Elekes-Kiss-Vidnydnszky [11]
via the change of topology, in order to generalize the notion of ranks to Baire
class £ functions, and then to study a cardinal invariant associated with systems of
difference equations). Then, based on the notion of sidedness conditions introduced
by Day-Downey-Westrick [8], we can classify real-valued functions on a (possibly
non-compact) Polish space into (ordered) 5 types (see Definition 4.4). We then
generalize the main result in [8] to arbitrary Polish domains as follows: Let X
and )Y be Polish spaces and let f: X — R and ¢g: Y — R be Baire-one functions.
Then, f <;, g if and only if either a(f) < a(g) holds or both a(f) = a(g) and
type(f) < type(g) hold, where a(h) is the Bourgain rank of h. We also give the
precise connection between the Bourgain rank and the Wadge rank.

(4) Topological Turing reducibility. Finally, we will clarify the relationship between
the uniform Martin conjecture and Day-Downey-Westrick’s T-degrees of real-valued
functions. They defined T-reducibility for real-valued functions as parallelized con-
tinuous strong (p.c.s.) Weihrauch reducibility [8], that is, f is T-reducible to g
if there are continuous functions H, K such that f = K o g o H, where g is the
parallelization of ¢ (see Section 5.1).

On the one hand, the notion of Weihrauch reducibility has been one of the most
important concepts in modern computable analysis, cf. [6]. On the other hand, the
Martin conjecture is one of the most prominent open problems in computability
theory (see [18, 19]), which generalizes Sacks’ question on a natural solution to
Post’s problem. To be precise, what is more relevant in this article is the uniform
version of this conjecture, which has been solved by [27, 25]. The notion of T-degree
(p-c.s. Weihrauch degree) is seemingly unrelated to this conjecture; nevertheless the
solution to the uniform Martin conjecture plays a key role in the proofs of several
results on T-degrees in this article.

We show that the p.c.s. Weihrauch degrees are exactly the natural Turing degrees
in the context of the uniform Martin conjecture. More precisely, we will see that
the p.c.s. Weihrauch degrees of real-valued functions is isomorphic to the Turing-
degrees-on-a-cone of the uniformly Turing degree invariant operators. Indeed, the
identity map induces an isomorphism between the Turing-ordering-on-a-cone of the
uniformly <p-preserving operators and the p.c.s. Weihrauch degrees of real-valued
functions. Therefore, by Steel’s theorem [27], we finally conclude the following.

Theorem 1.3 (AD). The p.c.s. Weihrauch degrees of single-valued functions on
2¢ are well-ordered, whose order type is ©. If f: 2% — 2% is parallelizable (see
Section 5), and has p.c.s. Weihrauch rank o > 0, then f' is also parallelizable, and
has p.c.s. Weihrauch rank a+1, where f'(x) is defined as the Turing jump of f(z).

To our surprise, we can conclude that the p.c.s. Weihrauch degrees are a universal
measure that allows us to assign a rank to “all functions”.

1.2. Conventions and notations. In Sections 1.3, 1.4, 2, 3 and 5, we assume
ZF +DC+ AD (where DC stands for the axiom of dependent choice). As mentioned
above, the axiom of determinacy, AD, is a locally true principle under the standard
axiomatic system which is adopted by most mathematicians. As it is locally true,
if we restrict our attention to Borel sets and Baire class functions, every result
presented in this article is provable within ZFC. If we restrict our attention to
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projective sets and functions, every result presented in this article is provable within
ZF 4+ DC + PD (where PD stands for the axiom of projective determinacy).

We assume that 2 is always embedded into R as a Cantor set. For finite strings
0,7 € w<¥, we write o < 7 if 7 extends o. Similarly, for X € w* we write 0 < X
if X extends o. For a string o, [0] denotes the set of all X € w* extending o,
ie., 0 < X. Let X | n be the initial segment of length n. Let ¢”7 denote the
concatenation of ¢ and 7.

1.3. The structure of Wadge degrees. We here review classical results in the
Wadge degree theory [30, 2]. For sets A, B C w*, we say that A is Wadge reducible
to B (written A <,, B) if there exists a continuous function 6: w* — w* such that
A = B o6, where we often identify a set with its characteristic function.

Given a pointclass I' (of subsets of w*), let I denote its dual, that is, I' =
{w“\ A: A €T}, and define A =T NT. A pointclass I' has the separation property
if

(VA,BeT)[ANB=0) = (3Ce€A)ACCand BNC =10).
The separation property will play a key role in the proof of our main theorem.

A pointclass I' is self-dual if ' = T'. We say that A C w® is self-dual if there is
a continuous function 6: w* — w* such that A(X) # Ao 0(X) for any X € w¥. It
is equivalent to saying that A <, —A. Note that A is self-dual if and only if the
pointclass 'y = {B : B <,, A} is self-dual.

By Wadge [30] and Martin-Monk, non-self-dual pairs are well-ordered, say (I'a, s )a<o,
where © is the height of the Wadge degrees. We will use the following beautiful
fact to show our Main Theorem 1.2.

Fact 1 (Van Wesep [29] and Steel [26]). Ezactly one of T or I'y has the separation
property.

By Il, we denote the one which has the separation property, and by 3., we
denote the other one (which has the weak reduction property). Then define A, =
Yo NI,

A set A C w? is I'-complete if A € T" and B <,, A for any B € I". By definition,
a Y,-complete set and a Il,-complete set exist for all & < ©.

Fact 2 (see [28, 2]). A A,-complete set exists if and only if the cofinality of « is
countable.

We denote the Borel hierarchy by (29,119, A%),.,,. More precisely, a set is in
%9 if it is open, and a set is in 37, if it is a countable union of sets in {J4_,, IT3,
where IIY is the dual of £%. Then, A% = 3% NTI2.

Example 1.4 (Wadge [30, Sections V.E and V.F]). The Wadge ranks of sets of
finite Borel ranks are calculated as follows.
e A; = clopen sets (= AY), ¥; = open sets (= X9), and II; = closed sets
(= I9).
e For a < wy, Ay, X4, and II, correspond to the a-th level of the Hausdorff
difference hierarchy.
o X, =F, (=3%Y),and I, = G5 (=I19).
e For a <wy, Aye, Yo, and Il,e correspond to the a-th level of the differ-
ence hierarchy over F,.
[ ] Zw;ﬂ = G(;g (: 28)7 and Hw;ﬂ = Fm; (: Hg)
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e Generally, ¥, 11, = 3, where w; 11 n is the n-th level of the superexpo-
nential hierarchy of base ws.

Note that the Wadge rank of X-complete set is not the first fixed point, but
the wi-th fixed point, of the exponential tower of base wy. In general, Wadge [30,
Sections V.E and V.F] has also determined the Wadge ranks of sets of infinite Borel
ranks, which are described by using the Veblen hierarchy of base w;.

Let X and Y be topological spaces. For A C X and B C Y, we write A/X <,
B/Y if there is a continuous function §: X — Y such that X € A if and only if
0(X) € B.

Lemma 1.5. For any non-self-dual A C w®, there is B C 2% such that A/w* =,
B/2v.

Proof. If A is non-self-dual, then —=A «£,, A, and therefore, Player I wins in the
Wadge game G, (—A4, A). Put @ = wU{pass}. A winning strategy for Player I gives
a continuous function 6: &* — w* such that for any X € ¥, =A(0(X)) # A(XP),
that is, A(A(X)) = A(XP). Here, XP is the result of removing all occurrences of
passes from X. Define n: 2 — @w*“ by

n(0™10™1...) = pass™ngpass™in; ...

Then, define B(X) = A(f o n(X)). We claim that A/w¥ =, B/2¥. Clearly 6 on
witnesses that B <,, A. To see A <,, B, let X € w*“ be a given sequence. Then,
for 7(X) = 0X@10XM 1. .. we have (no7(X))? = X. Thus,

B(r(X)) = A(f onor(X)) = A((no7(X))?) = A(X),

where the second equality follows from our choice of . This concludes that A <,
B. O

1.4. Q-Wadge degrees. A set A C w® can be identified with its characteristic
function x4: w¥ — 2. Thus, the Wadge degrees of subsets of w* can be viewed as
the degrees of 2-valued functions on w®. The Wadge degrees have been extended
in various directions. For instance, there are various works on the Wadge degrees
of partial 2-valued functions on w® (Wadge [30]), ordinal-valued functions on w®
(Steel, cf. Duparc [10]), and k-valued functions on w* (Hertling, cf. Selivanov [24]).
We can encapsulate all those extensions within the following framework (see also
Kihara-Montalban [15, 16]):

Definition 1.6. Let (Q;<g) be a quasi-ordered set. For Q-valued functions
A, B: w¥ — Q, we say that A is Q-Wadge reducible to B (written A <,, B) if
there is a continuous function 6: w* — w* such that

(VX € w?) A(X) <o B(0(X)).

As a special case, one can study Wadge’s notion of degrees of inseparability of
pairs, which will turn out to be a key tool for analyzing the m-degrees. In his
PhD thesis [30, Section L.E], Wadge introduced the notion of reducibility for pairs
of subsets of w*”. For A, B,C, D C w¥, we say that (A, B) is Wadge reducible to
(C, D) if there exists a continuous function 6: w* — w* such that for any z € w*,

(reA = 0(x)eC)and (xr € B = 6(z) € D).

Roughly speaking, this reducibility estimates how inseparable a given pair is.
Note that Wadge reducibility for pairs is equivalent to Wadge reducibility for
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{T,0,1, L}-valued functions by identifying a pair (A, B) with a function f4 p de-
fined by

T ifzeANB,

0 ifzeA\B,

1 ifzeB\A,

1 ifagd AUB,

fA,B(l“) =

where 1. < 0,1 < T, and 0 and 1 are incomparable. It is easy to see that the Wadge
degrees of {T,0,1, L}-valued functions consist exactly of the Wadge degrees of
{0,1, L}-valued functions plus a greatest degree, where the greatest degree consists
of functions containing T in their ranges.

Hereafter we use the symbols 2 and 2, to denote {0,1} and {0,1, L}, respec-
tively, where 2 is considered as a discrete ordered set, and 2 is ordered by | < 0,1
as mentioned above (i.e., the flat domain of boolean values).

Wadge determined the structure of the first few Wadge degrees of inseparability
of pairs (equivalently those of {0, 1, L }-valued functions). For A: w* — 2, we
define - A: w* — 2, by A(X) =1- A(X) if A(X) € {0,1}; otherwise A(X) = L.
If A is 2-valued, then —A is obviously the complement of A. Under the axiom of
determinacy, Wadge showed that the semilinear ordering principle holds for 2 -
valued functions.

Fact 3 (Wadge [30, Theorem I1.E2]). For any A,B: w¥ — 2, either B <, A or
-A <, B holds.

For a function A: w¥ — Q and a finite string o € w<*, by A | [o] we denote
the restriction of A up to [o], that is, (A [ [0])(X) = A(c"X). If o is a string of
length 1, o = (n) say, then we also write A | n to denote A | [(n)].

Definition 1.7. We say that a Q-Wadge degree a is o-join-reducible if a is the
least upper bound of a countable collection (b;);c., of Q-Wadge degrees such that
b; <, a. Otherwise, we say that a is o-join-irreducible.

Given a function A we use the following notation:
FA) ={X:(Vn) A [X | n] =, A}

The following fact gives a better way to characterize o-join-reducibility, which is
a straightforward consequence of the well-foundedness of the Wadge degrees (cf. [2,
28)).

Fact 4. A set A Cw¥ is o-join-irreducible if and only if F(A) is nonempty.

A set A C w¥ is o-join-reducible if and only if it is Wadge equivalent to a
function of the form @, .., An, where each A,, is o-join-irreducible and A,, <., A,
and where @ . A, is defined by (P, .., An)(n"X) = A, (X).

new new

We also need Steel-van Wesep’s theorem [28].
Fact 5. A subset of w* is self-dual if and only if it is o-join-reducible.

Facts 4 and 5 have Q-analogues; see [15, 16].
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2. THE STRUCTURE OF {0, 1, L }-VALUED FUNCTIONS

2.1. The proper 2,-Wadge degrees. For I' € {%,II, A}, define I'? to be the
class of all 2, -valued functions which are Wadge reducible to a I',, subset of w*,
that is,

I ={A:w” =2, |(35ecTl,) A<, S},
where recall that a set S is always identified with a 2-valued function. Note that,
in general, A® = %% NIIS does not hold anymore.

Example 2.1. Consider the comparison of reals, viewed as a function c: (2¢)? —
2, taking (z,y) to 0, L or 1 depending on if © < y, z =y, or & > y, where 2% is
identified with a Cantor set in R. The identity map witnesses ¢ <, {(x,y) : ¢ > y}
and ¢ <, {(z,y) : ¢ > y}, so ¢ € Z? N H?. However, one can easily see that
there exists no total continuous {0, 1}-valued extension of ¢, where ¢(z) = L is
interpreted as z ¢ dom(c); hence ¢ & Alo. Although c is a function on 2¢, it can
be lifted to a function ¢* on w* by setting c¢*(z) = L for any = ¢ 2*.

Let DY be the set of all Wadge degrees of 2| -valued functions. Then, we define
D, C DY as the set of all Wadge degrees which contain 2-valued functions. A
Wadge degree d is called a proper 2 -Wadge degree if d € DS \ D,,. For a Wadge
degree d € DY, let I'q be the collection of all A: w* — 2, such that A <,, B for
some B € d. Note that any B € d is ['g-complete.

Lemma 2.2. For any proper 21 -Wadge degree d, there is o < © such that
AY CTqCElNIId.

Proof. Let a < © be the least ordinal such that T'q € ¢ NII¢. Then, I'q € Eg or

Ta g Hg for any 8 < a. Let A be a I'q-complete function, and By, B; C w* be ¥g-
and IIg-complete sets, respectively. Then, A £,, B; for some i < 2. By Fact 3, we
have By_; =, - B; <, A. Since d is a proper 2, -Wadge degree, A #,, Bi_;, and
therefore, we also have A £,, B1_;. Again, by Fact 3, we get B; <, "B1_; <, A.
Therefore, By, B1 <. A, and hence, we conclude that Eg U Hg Clg.

If the cofinality of « is uncountable, then A, = U5<a Y5 since there is no A,-
complete set by Fact 2 (see also [28]). Therefore, A, C I'q since ¥g C I'q for any
B < a. Thus, Ag C I'q. Assume that the cofinality of « is countable. Then, by
Fact 2, there is a Ay-complete set C' C w®. Since A, is a selfdual pointclass, C
is o-join-reducible by Fact 5, and thus by Fact 4, one can assume that C' is of the
form @,, C,,, where for any n € w, there is 5 < a such that C,, € ¥gUIlg. If Ais a
I'q-complete function, then C), <,, A for any n since ¥g UIlg C I'q. By combining
these Wadge reductions, we obtain @, C,, <., A. Thus, A% CTg. O

2.2. The non-proper m-Wadge degrees. We say that A: w* — Q is Q-m-
Wadge reducible to B: w* — Q (A < B) if for any n € w, there are m € w and
a continuous function 6: w* — w* such that for any X € w¥,

An~X) <g B(m™0(X)).
Note that 6§ may depend on n, and thus the above reduction involves countably
many functions (0,,)ne., and n — m. Clearly, this is an intermediate notion between
Lipschitz reducibility and Wadge reducibility. The game associated to Q-m-Wadge

reducibility has been studied by Kihara-Montalbdn [15, Section 4.2] (which is a
simpler version of Steel’s degree invariant game [27]).
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FIGURE 1. The structure of m-Wadge degrees of subsets of w* (The
structure of non-proper m-Wadge degrees of 2 -valued functions of w®)

We consider a Q-analogue of Definition 1.7. We say that A: w* — Q is m-o-
join-reducible (m-o-jr) if A | n <, A for every n € w. Otherwise, we say that A is
m-o-join-irreducible (m-o-ji).

Lemma 2.3. Assume that B: w* — Q is m-o-ji. Then, for any A: w* — Q,
A< B <= A<, B.

Proof. 1t is clear that A <,,,, B implies A <,, B. For the reverse implication, since
B is m-o-ji, there is m such that A <,, B <,, B | m. Let 6 witness A <,, B [ m.
Then, we have A(n~X) <g B(m~0(n~X)). This clearly implies that A <,
B. ]

As ¥, and II, are non-self-dual, by Fact 5, ¥,- and II,-complete sets are o-ji
(in particular, m-o-ji). Thus, by Lemma 2.3, £¢- and II$-complete functions are
also complete w.r.t. m-Wadge reducibility.

Lemma 2.4. Let o < © be an ordinal of countable cofinality. Then, there are
exactly two 2, -m-Wadge degrees of the AS -complete functions.

Proof. As a A,-complete set is o-jr, by Fact 4, it is Wadge equivalent to a set
of the form A = @, A,, which is clearly m-o-jr, and A% -complete. Then, it is
also clear that 0" A = {0°X : X € A} is an m-o-ji A%-complete set. Obviously,
A <pw 00 A. Now, AS-complete functions split into m-o-jr ones and m-o-ji ones.
By Lemma 2.3, if A and B are m-o-ji AS-complete functions, then A =,,,, B.
Assume that A and B are m-o-jr A9-complete functions. First consider the
case that a is a successor ordinal, & = 8 + 1 say. By our assumption, we have
A=@, (A n) where A | n <, A, which implies that A | n is not A$-complete.
If A | n has a proper 2, -Wadge degree d, then as AY € I'g, by Lemma 2.2, we
have A [n € Tq C Zg N Hg. The join of such functions is also in Zg N Hg. This
implies that A is Wadge equivalent to the join of functions of non-proper 2 -Wadge
degrees; that is, there are m,n € w such that A [ m and A [ n are Eg— and Hg—
complete, respectively. Again, by Lemma 2.2, for any n € w, B [ n is either Eg or
Hg since B is m-o-jr. This shows that B <,,,, A. By a symmetric argument, we
also have A <,,., B, and conclude that A =,,,, B. For a limit ordinal «, for any
n € w, B[ nisin Eg for some f < « since B is m-o-jr. Then there are m € w
and v such that 8 < v < « and every Zf? function is 2, -Wadge reducible to A [ m
since « is limit and A = @@, (A | n) is AY-complete. Hence, B [ n <, A | m,
which implies that B <,,,, A. By a symmetric argument, we also have A <,,.,, B,
and conclude that A =,,, B. O

The usual Wadge degrees form a semi-well-order in which a selfdual degree and
a nonselfdual pair appear alternately. Here, by Fact 5 (see also [28, 2]), at a limit
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Wadge rank «, a selfdual degree appears first if the cofinality of « is countable,
and a nonselfdual pair appears if either & = 0 or the cofinality of « is uncountable.
Thus, Lemmas 2.3 and 2.4 give the complete description of the non-proper 2, -
m-Wadge degree structure, hence the m-Wadge degree structure of subsets of w®.
Each selfdual Wadge degree splits into two degrees (which are linearly ordered),
and nonselfdual Wadge degrees remain the same. See Figure 1, where AJ" denotes
the class of all sets m-Wadge reducible to an m-o-jr A, set.

3. MANY-ONE REDUCIBILITY FOR REAL-VALUED FUNCTIONS

3.1. Reducibility for real-valued functions. Day-Downey-Westrick [8] intro-
duced the notion of m-reducibility for real-valued functions. Let [Q]? be the
set of all pairs (p,q) of rationals such that p < ¢. For f: w* — R, we define
Levy: [Q* x w” — 2, as follows.

0 if f(X)<p,

Levi((p.q)" X) =q1 if ¢ < f(X),
1 ifp< f(X)<gq.

For f,g: w* — R, we say that f is m-reducible to g (written f <,, g) if for any
pair of rationals p < ¢, there are a pair of rationals r < s and a continuous function
0: w¥ — w* such that for any X € w®,

Levi((p,q)"X) <2, Levy({r,s)"0(X)).

We denote by {f < p} and {f > ¢} the upper and lower level sets {X : f(X) < p}
and {X : f(X) > ¢}, respectively. We also define {f < p} and {f > ¢} in a similar
manner. In the context of Wadge’s pair reducibility ([30, Section L.E]; see also
Section 1.4), f <., g if and only if for any p < ¢ there are r < s such that

{f <ph{f > q}) is Wadge reducible to ({g <r},{g > s}).
Observation 3.1. The above definition of <u, coincides with Definition 1.1.

Proof. 1t is clear that f <p, g in the sense of Definition 1.1 if and only if for any p, e
there are r, § such that ({f <p—c},{f > p+e}) <o {g<r—90},{g>r+6}). O

We often identify [Q]? and w via a fixed bijection. Under this identification, Lev s
is thought of as a function from w X w® to 2, and thus, the m-degree structure
embeds into the 2 -m-Wadge degree structure, that is,

Observation 3.2. For a function f: w” = R, f <u g if and only if Levy <,
Lev,.

We will show that the map f +— Lev; induces an isomorphism between the
m-degrees on real-valued functions on w* and the m-Wadge degrees on nonempty
proper subsets of w®.

Theorem 3.3. The map f +— Levy induces an isomorphism between the quotients

of (F(w*,R),<m) and (P(w*)\ {0,w*}, <muw)-

The proof of Theorem 3.3 will be given in the rest of this section. As a con-
sequence of Theorem 3.3, the structure of m-degrees of real-valued functions on
w® looks like Figure 1. We will also show that the structure of m-degrees of real-
valued functions on 2“ looks like Figure 2. That is, it is almost isomorphic to
the m-Wadge degrees of nonempty proper subsets of w* except that if « is a limit
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FIGURE 2. The structure of m-degrees of real-valued functions on 2%

ordinal of countable cofinality, the m-Wadge degree of an m-o-ji A,-complete set
cannot be realized.

3.2. Non-proper Wadge degrees. We first characterize non-proper 2, -Wadge
degrees realized as real-valued functions.

Lemma 3.4.

(1) For any nonzero ordinal o < O, there are functions f,g: 2* — {0,1} such
that Levy and Lev, are Zg— and Hg—complete, respectively.

(2) For any nonzero ordinal a < © of countable cofinality, there is a function
f:2¥ —[0,1] such that Levy is m-o-jr and AZ -complete.

(3) For any successor ordinal o < ©, there is a function f: 2 — {0,1} such
that Levy is m-o-ji and AS-complete.

(4) For any limit ordinal o < © of countable cofinality, there is a function
fiwx2¥—{0,1} such that Lev; is m-o-ji and A -complete.

(5) For any limit ordinal « < © of countable cofinality, there is no function
f:2% = R such that Levy is m-o-ji and AS -complete.

(6) There is no f: w” — R such that Levy =, 0 or Levy =, w®.

Proof. (1) Let A C 2% be a X,-complete set. Such a set exists by Lemma 1.5.
Define x4:2¥ — {0,1} by xa(X) = 1if X € A; otherwise xa(X) = 0. Clearly
A <, Levy := Lev,, since A(X) = Lev4((0,1)"X). For Leva <,, A, since the
Wadge rank of A is nonzero, (), w® <,, A, and therefore, there is Y; € 2 such that
A(Y;) = j for each j € {0,1}. Given p,q, if p < 0, define 0, ,(X) =Yy, and if ¢ > 1,
define 0, ,(X) =Y7. If 0 < p < ¢ < 1, then we have A(X) = Lev4({p,q)"X), and
thus define 6, ,(X) = X. The function 6 witnesses that Levs <, A. Consequently,
Lev, is ¥$-complete. By a similar argument, one can construct g such that Lev,
is II®-complete.

(2) First assume that « is a limit ordinal, say o = sup, §;. By (1), we have
a function f;: 2¥ — {0,1} such that Levy, is Egi—complete for each i < w. Let
(an)new be strictly decreasing sequence of positive reals converging to 0. We define
g(0¥) = 0 and g(0"1X) = agy41-f,(x)- Let A C w® be a A,-complete set of the
form @, A; such that A; is ¥ ,-complete. Then, clearly A is m-o-jr. We claim that
Levy =pmw A.

For A <., Levy, given n we know that A, <, f, via some continuous function
0,,. Then,

Ap(X) =i = fn(0n(X)) =i = ¢(0"10,(X)) = aznt+1—i-

Thus, X) — 0716, (X) witnesses A [ n <, Levy | (a2n+1,a2,). Hence, A <,
Levy. To see Levy <. A, let p < g be rationals. First consider the case that the
open interval (p, ) intersects with (a2n42,a2n41) for some n € w. By our definition
of g, if X extends 0"*! then g(X) < ag,12, and if X extends 01 for some m < n
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then g(X) > aspt1. Since the Wadge rank of A is nonzero, 0,w* <, A, and
therefore, there is Y; such that A(Y;) = j for each j < 2. Define 0, ((X) =Y, if X
extends 0""!; otherwise 6, ,(X) = Y;. Then,

Levy((p,q)"X) =0 = g(X) <p<agmy1 = 9(X) < agniz
= X = 0" = Ao06,,X)=A(Yy) =0.

Similarly, Levy({p,q)"X) = 1 implies that Ao 6, ,(X) = A(Y1) = 1. This shows
that Levy [ (p,q) <4 A ](0,1).

Now, assume that (p,q) does not intersects with (agy42,asn+1) for any n € w.
If ag < p then Levy((p,q)"X) = 0 for any X. If ¢ < 0, then, since (an)ncw
converges to 0, we have Levy((p,q)"X) = 1 for any X. In these cases, it is clear
that Levy [ (p,q) < A 1(0,1).

Otherwise, a; < p < ag or agpt+1 < p < q < ag, for some n € w. Assume that
az2n+1 < p < q < agy. Since g(X) € {an}new wehave ({g < azny1},{g > azni2}) =
{9 < p},{g > q}). If X extends 01 for some m < n, then g(X) > agn_1 > p,
and thus define 6, ,(X) = Y;. If X extends 0", then g(X) < azn42 < p, and thus
define 6, ,(X) = Yy. If X is of the form 0"1Z, then ¢g(X) € {a2n+1,a2n+2}. One
can see that

Levy((p,9)" X) = ({9 < p}: {9 = ¢})(X) = ({g < azny1},{g > a2n12})(X) = fu(2).

Then, define 6, 4(X) = n"7,(Z), where 7, is a continuous function witnesses that
frn <w Ayn. This shows that Lev, [ (p,q) <muw An = A [ nviab,,. Fora; <p < a,
a similar argument applies. Thus, we conclude that Lev, =, A, that is, Lev, is
m-o-jr and A¢-complete.

For the case that « is a successor ordinal, say o = 8+ 1. Assume that o > 1, so
B > 0. By (1) we have a function fo, f1: 2 — {0, 1} such that Levy, is Zg—complete
and Levy, is Hg—complete. Then define g: 2¢ — {0,1,2,3} by ¢(0X) = fo(X) and
9(1X) = 2+ f1(X). By a similar argument as above, one can easily show that
Lev, is m-o-jr and A$-complete. If a = 1, then let f: 2¥ — {0,1} be a constant
function. Then, Lev; is continuous and not constant, so Levy is A?—complete. For
any p < ¢, one can easily see that Levy [ (p,¢) is Wadge reducible to a constant
function. Hence, we get Levy [ (p,q) <., Levy, which means that Lev; is m-o-jr.

(4) Assume that oo = sup; 8;. By (1), we have a function f;: 2 — {0,1} such
that Levy, is Egt—complete for each ¢ < w. Then, define g(iX) = f;(X). It is
clear that Lev, is Ag—complete. Moreover, one can see that Lev, <,, Lev, [ (0,1).
Hence, Lev, is m-o-ji.

(3) A similar argument as in the item (4) also verifies the item (3) except for
a = 1. Thus, assume that « = 1, and let f be a nonconstant continuous function.
We claim that Levy is m-o-ji and A?—complete. Since f is nonconstant, there
are Xo, X1 such that f(Xo) < f(X1). Choose rationals r < s such that f(Xy) <
r < s < f(X1). It suffices to show that Levy [ (p,q) <., Levy | (r,s) for any
p < q. Since f is continuous, {f < p} and {f > ¢} are both closed. Since II{
has the separation property, there is a clopen set C C w* separating {f < p}
from {f > ¢}. Define 6, ,(X) = Xy if X € C; otherwise 0, ((X) = X;. Then,
0p,4 is continuous since C' is clopen. It is easy to see that 8, , witnesses that
Levf f <p7 Q> Sw Levf [ <Ta 5>'
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(5) Assume that Lev; is m-o-ji and AQ-complete. Since Lev; is m-o-ji, there
are p,q such that Levy | (p,q) is AS-complete. However, since Levy | (p,q) is a
function on 2¢, and « is limit, it is impossible by compactness: As A :=Levy [ (p,q)
is AS-complete, A is Wadge equivalent to a function of the form @, A, where
A, € Zgn for some f, < a. Let 6: 2 — w* witness A <, @, A,. As 0 is
continuous and 2“ is compact, the image of € is also compact. Hence, there is
k € w such that 0 witnesses A <,, @, An. This implies that A = Levy [ (p,q)
is in Eg, where 8 = max, <k B, < «, a contradiction.

(6) Fix X € w®. Then, there are p, ¢ such that p < f(X) < ¢. Thus, Lev¢((p —
1,p)”X) =1and Levs({g,q + 1)~ X) = 0. Therefore, Levy is not Wadge reducible
to constant functions such as (the characteristic functions of) @) and w®. (]

3.3. Proper Wadge degrees. We finally show that, as a consequence of the van
Wesep-Steel Theorem (Fact 1), proper Wadge degrees disappear in the m-degrees
of real-valued functions.

Lemma 3.5. For any proper 2 -Wadge degree d, there is no f: w* — R such that
Levy is I'q-complete.

Proof. Let a < © be an ordinal in Lemma 2.2, that is, AY C I'q C %% NIIS.
Assume that Lev; € I'q. We claim that for any p < g, Levy | (p,q) is AS. Let
U,V C w¥ be %,- and II,-complete sets, respectively. Choose rationals p < r <
5 < q. Since Levy € ¥ NIIQ, there are continuous functions 7o, 71 such that

Levy((p,7)"X) <2, UoTy(X), and Lev({s,¢)"X) <2, V om(X).

Consider A = {X : Uo7p(X) = 0} and B = {X : Von(X) = 1}, that is,
A =715 w? \ U] and B = 77 *[V]. Clearly, A, B € I1,,. Moreover,

fX)<p = UornX)=0<<= XA = f(X)<r
f(X)>qg = Von(X)=1 <= XeB = f(X)>s.

This implies that {f < p} C A, {f > ¢} C B, and AN B = (). By the separation
property of II,, (Fact 1), there is a A, set C' C w* such that C' C A and w*\C C B.
Then,

{f<pCC and {f=q} Cw”\C.
This shows that Levy | (p,q) <, C, and therefore, Lev; | (p,q) is AY, which

(e}

verifies our claim. Consequently, Levy = P, Levy [ (p,q) is also A?, and in

o)
particular, Levy cannot be I'g-complete. ([l

This concludes the proof of Theorem 3.3.

Proof (Theorem 1.2). For any Wadge degree d of a subset of w*, d is the Wadge
degree of a X,- or II,-complete set for some o < O, or a A, set for some a < ©
whose cofinality is countable by Fact 2. As seen in the last paragraph in Section 2.2,
every selfdual Wadge degree splits into two m-Wadge degrees (which are linearly
ordered), and nonselfdual Wadge degrees remains the same. By Theorem 3.3 and
Lemma 3.4 (5), we conclude that the structure of m-degrees of real-valued functions
on 2% looks like Figure 2 as desired. ([l
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4. THE BOURGAIN RANK

In this section, we will generalize Day-Downey-Westrick’s result on the Bourgain
rank « to an arbitrary Polish domain. Pequignot [22] extended the notion of Wadge
reducibility to subsets of second countable spaces based on the theory of admissible
representation. An admissible representation of a topological space X is a partial
continuous surjection § :C w* — X which has the following universal property:
For any partial continuous function f :C w®¥ — X, there is a partial continuous
function 7 :C w* — w® such that f = §o7. An admissible representation is open if
it is an open map, and total if its domain is w*. The following result seems folklore,
but we present the proof for the sake of completeness.

Lemma 4.1. Every Polish space has a total open admissible representation.

Proof. Tf X is Polish, as in Kechris [14, Exercise 7.14], one can construct a Suslin
scheme U = (Us)sew<e on X whose associate map is a total open continuous sur-
jection 0%, : w* — X, where 64, (p) is defined as a unique element in (), Uppn.
Here, this particular Suslin scheme satisfies Uy = X and Us = (J,, Us~,,. Although
it is not hard to check that 6%, is admissible, we here give the proof for the sake
of completeness.

To see that 64, is admissible, recall that the “neighborhood filter” representation
is always admissible, that is, for any countable basis B = (B¢ )ee,, of X with By = X,
consider N¥ = {e € w: z € B.}, and then define 65, ,(p) = = if the range of p
is equal to MB. It is well-known that 65, is an admissible representation of X
(cf. [9, Theorem 48]).

It suffices to find a partial continuous function 7 :C w® — w* such that 65, , =
Jzélus o7. Given p € w*, wait for the first ¢ € w such that B,;) C U, for some
n € w. If there are such ¢ and n, define 7(p)(0) = n. Assume that s = 7(p) | ¢
has already been defined. Then, wait for the first ¢ € w such that B,y € Ug~,, for
some n € w. If there are such ¢ and n, define 7(p)(¢) = n. Continue this procedure.
Clearly 7 is continuous. If 6%, ,(p) =z € Us = {J,, Us~,,, one can find ¢ such that
xr € By € Us~y, for some n since NB is a local basis of X at x. Therefore, if
p € dom(8%, ), one can inductively show that 7(p) € w*, and it is easy to check
that 6%, = 04 . (7(p)). O

Sus

Observation 4.2. Let X be a Polish space. For any function f: X — R, the
m-degree of fod: w* — R is independent of the choice of a total admissible repre-
sentation 9.

Proof. Let § and « be total admissible representations of X. By admissibility, v =
008 for some continuous function 6. Thus, Lev o, ((p, )~ X) = Lev¢((p, ¢)" (X)) =
Lev¢({p,q)"d 0 (X)) = Levsos((p, q)"0(X)). Hence, Lev oy <pmw Levos. O

Hence, given a Polish space X', by Lemma 4.1, one can fix a total open continuous
admissible representation 6 of X'. Then, the m-degree of f: X — R is defined as
the m-degree of fod: w* — R.

Observation 4.3. The m-degrees of real-valued functions on Polish spaces form a
semi-well-order of length ©.

4.1. Baire one functions. We now consider the Cantor-Bendixson-type deriva-
tion procedure for Baire-one functions, which is originally introduced by Bourgain
[5] in Banach space theory, and extensively studied in Kechris-Louveau [13].
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4.1.1. Bourgain rank. Let X be a Polish space, and consider a function f: X — R.
Then, given P C X, the (f;p, q)-derivative of P is defined as follows.

DipgP =P\ J{J: T C{f <q}or JC{f>p}}

where J ranges over open sets in X. Then iterate this procedure: D%p’ L =P,

DYt P = Dy, (DY, P) for v < wy, and D}, P = (,_, DY, P for a limit

ordinal A < wy. Let |27, be the least o such that = ¢ D§ , X. Let a(f,p,q) be
the least a such that D¢, X = 0. Note that a(f,p,q) = sup,cx |2|f,p,q- Then the
Bourgain rank of f is defined by a(f) = sup,, a(f,p,q)-

By definition, |z, 4 is always a successor ordinal. If the domain is not compact,
the rank a(f,p,q) can be a limit ordinal. In this case, there is no x such that
|z|¢pg = a(f,p,q). Hence, if the domain is not compact, a(f) = a(f,p,q) can
happen even if a(f) is limit.

4.1.2. Sided-conditions. The following is a key notion for characterizing the Bour-
gain rank.

Definition 4.4 (Day-Downey-Westrick [8]). Let f: X — R be a Baire-one func-
tion.

(1) f is two-sided if there are rationals p < ¢ such that «a(f,p,q) = a(f) and
that for any v < a(f), f(z) <p < q < f(y) for some z,y € DY X.

(2) If f is not two-sided, it is called one-sided.

(3) f is left-sided if for any rationals p < ¢ with a(f,p,q) = a(f), there is
v < a(f) such that D} | X C {f < p}.

(4) f is right-sided if for any rationals p < ¢ with a(f,p,q) = a(f), there is
v < a(f) such that DY | X C{f > q}.

(5) f is wrreducible if there are rationals p < ¢ such that a(f) = a(f,p,q).
Otherwise, f is called reducible.

Observation 4.5. Let f: X — R be a Baire-one function.

(1) If a(f) is a successor ordinal, then f is irreducible.
(2) If a(f) is a limit ordinal, and f is irreducible, then f is two-sided.
(3) f is both left- and right-sided if and only if f is reducible.

Proof. (1) Since a(f) = sup,, a(f;p,q), if a(f), then there must exist p < g such
that a(f) = a(f;p, q).

(2) Let p < ¢ be rationals such that a(f,p,q) = a(f). For any v < «a(f) if
v < £ < af), then there exists = such that |z|f,, = £ Therefore, for any open
neighborhood J of z, there are y, z € JN DY, X such that fly) <p<qg<f(z).

(3) By definition, if there is no p < ¢ such that a(f) = a(f,p,q), then f is
one-sided, and moreover, left- and right-sided. For the converse, let f be both left-
and right-sided. Suppose for the sake of contradiction that f is irreducible. Since
f is one-sided and irreducible, by (2), a(f) must be a successor ordinal, a(f) =
v + 1 say. Then DJ’{)p)qX # (. Since f is both left- and right-sided, we also have
Dy, X C{p < f <g}. Therefore, x € D} A implies p < f(x) < ¢, and then let
r be such that f(x) < r < ¢. Then, we have v + 1 = a(f) = a(f,p,q) < a(f,r,q)
and

reDY, XCD},. XL{f>r}

Therefore, f is not right-sided. ([l
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Define the type of f as follows: If f is two-sided, define type(f) = t. If f is
one-sided, but neither left- nor right-sided, define type(f) = o. If f is left-sided,
but not right-sided, define type(f) = 1. If f is right-sided, but not left-sided, define
type(f) = r. If f is both left- and right-sided (that is, f is reducible by Observation
4.5 (3)), define type(f) = £. We define the order on these types as follows:

f<l,r<o<t.
4.1.3. Open continuous surjection.

Lemma 4.6. Let §: Z — X be an open continuous surjection, and f: X — R be
a Baire-one function. Then, |T|tos.p,q = |0(2)|f,p.q- In particular, a(f) = a(f o 9)
and type(f) = type(f ).
Proof. We claim that 6 '[Dy, ¢P] = Dyospqd *[P] for any P C X. If z €
87 Dy, P), then there is an open neighborhood J of §(z) in P such that f(z) <p
and f(y) > q for some x,y € J N P. Then, 6~![J] is an open neighborhood of z in
§71[P], and since § is surjective, there are u,v € 6 1[J]Nd~![P] such that §(u) = z
and d(v) = y. Since fod(u) < p and fod(v) > g, we have z € Do, 40 *[P]. Con-
versely, if 2 € Dyosp o0~ 1 [P], then there is an open neighborhood J of z in 6~1[P]
such that fod(x) < pand fod(y) > q for some x,y € JNI~L[P]. Since § is an open
map, 0[J] is an open neighborhood of 4(z), and we also have §(z),d(y) € 6[J] N P.
Consequently, §(z) € Dy, ,P, and thus z € 5 *[Dy, ,P]. This verifies the claim.

We will inductively show that 61[D$  X] = D% s
for a limit step. For a successor ordinal £ + 1,

DSt o2 = Diospad D5, X =0 [Dysp D5, X =061 D5 X].
The first equality follows from the induction hypothesis, and the second equality

follows from the previous claim with P = ch’p s Consequently, = € cho spaZ iff

o(z) € Dfﬂp,qé\f, and hence || fo5,p,g = |0(2)|f.p.q as desired. O

4.1.4. The Day-Downey-Westrick Theorem.

Theorem 4.7. Let X and Y be Polish spaces and let f: X — R and g: Y — R be
Buaire-one functions. Then, f <m g if and only if either a(f) < a(g) holds or both
a(f) = alg) and type(f) < type(g) hold.

Proof. By Observation 4.2 and Lemma 4.6, one can assume that X = )Y = w* by
considering f o dyx and g o dy instead of f and y, where dx and Jy are total open
admissible representations of X and ) ensured by Lemma 4.1, respectively.

For the left-to-right direction, it is not hard to check that a straightforward mod-
ification of the argument in Day-Downey-Westrick [8] gives us the desired condition.

For the right-to-left direction, assume that either a(f) < «(g) holds or both
a(f) = a(g) and type(f) < type(g) hold. Given p < ¢ we need to find r < s
satisfying the following property: For any x, there is y such that

(1) %[ f.p.a < |Ylg.rs, and Levy((p,q)"x) <2, Levy((r,s)7y).

If a(f;p,q) < a(g), then there are r < s such that «(f;p, q) < a(g;r,s). Choose
such r < s. In particular, if either a(f) < a(g) or type(f) = £, then we get (1).
Now assume «(f) = a(g) and type(f) # £. In this case, there are p < ¢ such that
a(f;p.q) = a(f) = a(g)-

The rest of the proof is similar to the argument as in Day-Downey-Westrick
8] O

Z for any &. It is obvious
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Note that Lemma 4.6 only requires ¢ to be an open continuous surjection (that
is, ¢ is not necessarily admissible). Hence, Theorem 4.7 implies that the m-degree
of a Baire-one function f o ¢ is independent of the choice of an open continuous
surjection 9.

One of the most important conclusions of Theorems 1.2 and 4.7 is that one can
characterize the Bourgain rank in terms of the descriptive complexity as follows:

Corollary 4.8. Let §: w* — X be an open continuous surjection, and f: X — R
be a Baire-one function. Then, for any £ < wq,

(1) Levyos is either Z?— or H?—complete if and only if a(f) = £+ 1 and either
f s left- or right-sided.

(2) Levyos is Ag—complete and m-o-ji if and only if a(f) = £ and f is two-
sided.

(3) Levysos is A?—complete and m-o-jr if and only if a(f) = & and either
type(f) = o (if € is successor) or type(f) =f (if € is limit).

Proof. By Lemma 4.6, we can assume that X = w* and 6 = id. By induction.
If a(f) is successor, then type(f) € {1,r,0,t} by Observation 4.5 (1). If a(f) is
limit, then type(f) € {f,t} by Observation 4.5 (2) and (3). Moreover, it is easy
to see that every such type is realized by some function whenever a(f) > 1. One
can see that if a(f) = 1 then type(f) € {o,t}, that is, either f is constant or f is
nonconstant and continuous.

Let £ be a limit ordinal. If £ = 0, put ¢ = o; otherwise put ¢ = £f. By Theorem
4.7, one can easily see that for any n € w,

ranky, (f) =€+ 3n < a(f) =1+ &+ n and type(f) =c¢
rankm, (f) =6+3n+1 <= a(f) =1+ &+ n and type(f) =t
ranky, (f) =6+ 3n+2 < a(f) =14+&+n+1 and type(f) € {1,r},
where rank,, (f) denotes the m-rank of f. The proof of Theorems 1.2 and Theorem
3.3 shows that
rankm (f) =&+ 3n <= Levy is Aﬁ_&n—complete and m-jr
rankm(f) =6 +3n+1 <= Levy is Aﬁ_&n—complete and m-ji
rankm(f) = +3n+2 <= Levy is E?+§+n— or H&Hn—complete.

This concludes the proof. (I

4.1.5. Separation rank. We characterize the Bourgain rank in the context of the

Hausdorff difference hierarchy by modifying the a;-rank introduced by Elekes-Kiss-

Vidnyénszky [11]. Recall from Example 1.4 that, for T' € {X,II,A} and § < wy,

the class I's corresponds to the £th level of the Hausdorff difference hierarchy. For
sep

a Baire-one function f: X — R and rationals p < ¢, let a7 (f;p,q) be the least
ordinal « such that a A, set separates {f < p} from {f > ¢}. Then, we define

Ay (f) = sup oy (f;p, q)-
p<q

By using a variant of the Vaught transform, one can characterize a-rank in the
context of m-Wadge reducibility:
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Lemma 4.9. Let §: w* — X be a total open admissible representation of a Polish
space X, and f: X — R be a Baire-one function. Then, o} (f) < & iff Levos <muw
E¢, where E¢ is an m-o-ji A¢-complete subset of w®.

Proof. Given ¢ < wq, assume that a Ag set D separates {f < p} from {f > ¢}.
Then, 6~![D] is A¢, and clearly separates {fod < p} from {fod > q}. Conversely,
assume that a A¢ set D separates {f od < p} from {f 0d > ¢}. Then, consider the
following:

§*[D) = {x € X : DN "{x} is not meager in 6~ '{z}}.

Then, 6*[D] is A¢ (see de Brecht [9, Theorem 68]), and separates { f < p} from
{f >q}: Itz e {f <p},ie, f(z) < p, then, for any z € 6~ {z} we have
fod(z) <p,soze€ D. This implies x € §*[D]. Similarly, if z € {f > ¢}, i.e.,
f(x) > gq, then, for any z € 6 '{z} we have f o d(z) > ¢, so z € D. In this case,
DN & {z} is empty, and therefore, x ¢ §*[D].

Now, it is clear that a A¢ set separates {fod < p} and {fod > ¢} for any p, ¢ if
and only if Lev o5 is 2 -Wadge reducible to a Ag-complete set, and it is equivalent
to saying that Levy is 2 -m-Wadge reducible to an m-o-ji A¢-complete set. O

Proposition 4.10. a(f) = ai(f).

Proof. Let §: w* — X be an open continuous surjection. By Corollary 4.8, if
€ is successer, & = 1+ 1 say, a(f) = £ iff Levyos is I'-complete for some I' €
{30, 10, AV Ay e IE € s limit, af) = € iff Levyos is either Al'- or Ag-
complete. In any case, a(f) < & iff Levyos < Fe. By Lemma 4.9, the latter is

equivalent to saying that o°?(f) < £. Consequently, a(f) < ¢ iff o1P(f) <& O

4.2. Higher Baire ranks. For a function 6§ : X — ) we write 9_122 - Eg if the
preimage of a Eg set under 0 is 22. A function satisfying the condition 9*123%_é -
E?+§ is also known as a £-th level Borel function. There are several works on
analyzing subsets of w“ using &-th level Borel functions instead of a continuous
function (see Motto Ros [20, 21]). For Q-valued functions A, B : w¥ — Q, we say
that A is A2-Wadge reducible to B if there is a function § with =32 C 3¢ such
that A(X) <g Bo#(X) for any X € w®. This notion has also been studied by
Kihara-Selivanov [17].

Then we introduce the Ag—version of many-one reducibility as follows: We say

0
that f:w® — Q is Ag-many-one reducible to g: w* — Q (written f Sﬁg g) if
for any p < ¢ there exist r < s such that ({f < p},{f > ¢}) is Ag—reducible to
({g < r},{g > s}). As before, if the domains of f and g are Polish spaces X and

Y with admissible representations dx and Jy, respectively, then define f Sﬁg g if
({fodx <p},{fodx >q})is Af-reducible to ({gody <r},{gody > s}).

It is not hard to describe the first w; ranks in the Ag—m—degrees: Andretta-
Martin [3, Theorems 23 and 24] showed that the first w; initial segment of the
Borel-Wadge degrees is equal to the difference hierarchy over II}. Then Motto Ros
[20, Section 4.6] pointed out that a straightforward modification of their argument
shows an analogous result for the Ag—Wadge degrees, that is, the first wy initial
segment of the Ag—Wadge degrees is equal to the difference hierarchy over Eg. To
be precise, let n—Ag be the delta-class in the ' level of the difference hierarchy over
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%2, Then, 7-Af is exactly the n'" selfdual pointclass in the A2-Wadge degrees.
For more detainls on Ag-degrees for Q-valued functions, see also [17].

Consequently, the Ag—m—degrees of Baire class £ functions are closely related to
the separation rank introduced by Elekes-Kiss-Vidnyanszky [11, Definition 4.2]: As
in the definition of oi”, for a Baire class & function f: X — R, we define a;""(f) as
the first rank in the difference hierarchy over Eg at which we can separate all upper
and lower level sets of f. Note that if a n—Ag set D separates {f < p} from {f > ¢},
then 6~ [D] is 7-A{, and separates {f 0§ < p} from {f o4d > p}. Conversely, if a
n—Ag set D separates {f o d < p} from {f 0§ > p}, then its Vaught-like transform
0*[D] is n—Ag and separates {f < p} from {f > ¢} (as in the proof of Lemma 4.9).
Hence, the Af-m-rank is essentially the same as the separation rank ag P,

Elekes-Kiss-Vidnyanszky [11, Section 5] related this separation rank to the Baire-
¢ version of the Bourgain rank. Given a Baire-£ function f : (X,7) — R, let T ¢ be
the set of all topologies 7/ on X refining 7 such that 7" C Eg(r) and f is Baire-one
w.r.t. 7/

vaf = {7-/ o7 Polish : ’T/ - 22(7’) and f c 81(7/)}.

Then we define af(f) as the least possible a-rank of the Baire-one function f
with respect to some topology 7' € Ty¢. For instance, Elekes-Kiss-Vidnyanszky
[11, Theorem 5.17] showed the inequality af(f) < @™ (f) < 2a£(f).

Following the above idea, we consider the “change of topology” version of many-
one reducibility <,,: For Baire class ¢ functions f: X — R and g: Y — R, we
write f §fﬁp(§) g if for any topology 74 € Ty ¢, there exists a topology 7 € Ty ¢
such that (f,7f) <m (g,7¢); that is, for any p < ¢ there are r < s such that
({f < p},{f = q}) is Wadge reducible to ({g < r},{g > s}) via some continuous
function 0: (X, 7y) — (Y, 74). First, it is easy to see the following:

0
Lemma 4.11. If f gﬁf g then f Sﬁgp(&) g.

0
Proof. If f S,Anf g, then there are Ag—function 0 witnessing that ({f < p}, {f > q})
is Ag—reducible to {g < r},{g > s}). Let 7, € T, ¢ be a Polish topology. Since
7, has a countable basis, and contained in X%(7), by Kuratowski’s theorem (see
Kechris [14, Theorem 22.18]), there is a Polish topology 7; € T ¢ extending 7, such
that 6: (29, 75) = (2¥, 74) is continuous. See also Elekes et al. [11, Proposition 5.2]
and Motto Ros [21, Lemma 5.2]. O

In particular, the Ag—m—rank of a function is greater than or equal to its §§ﬁp(§)—
rank. Now, by the Day-Downey-Westrick Theorem on non-compact Polish spaces
(Theorem 4.7), the relation (f,7f) <m (g, 7y) is characterized by Bourgain rank «
and some sided-condition. Recall

ag(f) = min{a(f,7f) : 77 € Tre} < o (f)
as mentioned above. Conversely, take a topology 75 € Ty such that a(f,7¢) =

af(f). Then, by Proposition 4.10, we have a(f,7;) = ai”(f,77). In the last
paragraph of the proof of [11, Theorem 5.17], Elekes et al. has shown that a2 (f) <

3
oy (f,7¢). Hence, o™ (f) = af (f).
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As mentioned above, the Ag—m—rank of a Baire-¢ function is essentially the same
sep

as oy (f). Consequently, we finally obtain the exact relationship between the Ag—
m-degrees of Baire class £ functions and their £&-Bourgain ranks ag.

5. T-DEGREES AND THE MARTIN ORDERING

In this section, we will see a strong connection between the structure of Day-
Downey-Westrick’s T-degrees of real-valued functions [8] and the Martin order-
ing on the uniform Turing degree invariant functions. Then, by combining with
Becker’s result [4], we will see that the T-degrees of real-valued functions form a
well-order of type ©.

5.1. Reducibility notions. There are a number of works on Wadge-like classi-
fications of functions on w®. For instance, Carroy [7] adopted continuous strong
Weihrauch reducibility as a tool to provide a reasonable classification of functions on
w®, where for f,g: w¥ — w*, we say that f is continuously strongly Weihrauch re-
ducible to g (written as f <%y, g) if there are continuous functions ®, U: w* — w®
such that

f=®ogoV.

In general, one can define continuous strong Weihrauch reducibility for other
spaces (although the definition is not directly used in this article): If X, Y, Z and
W are Polish spaces, by Lemma 4.1, they have total admissible representations dx,
dy, 0z and dy, respectively. Then, we say that f: X — Y is continuous strong
Weihrauch reducible to g: Z — W if there are continuous functions ®, V: w* — w¥
such that, if 0x(p) = =z, §z(¥(p)) = 2, and dw(q) = g(2) then 6y (P(q)) = f(x).
For the details, see also Brattka-Gherardi-Pauly [6].

Subsequently, Day-Downey-Westrick [8] adopted parallelized continuous strong
(p.c.s.) Weihrauch reducibility as a formalization of topological “Turing reducibil-
ity” for real-valued functions. Given a function h: X — ), define the parallelization
of h as the following function hi X9 — Y

-~

h((zn :n € w)) = (h(xy) : n € w).

A function h: X — Y is parallelizable if h is continuously strongly Weihrauch
reducible to h. We use <¢;;, to denote the p.c.s. Weihrauch reducibility, that is,
f <y giff f <¢, g. In this article, X and ) are 2¥, w* or R. For f,¢: w¥ — R,
we use only the following property: One can deduce f <¢;;, g whenever there are
continuous functions ® :C R¥Y - R and ¥: w X w¥ — w* such that

(VX ew®) f(X) =D ((g(T(;, X)) : 1 €w)).

We connect the reducibility notion SEW with the wuniform Martin conjecture
[27, 25]. To explain this, we need to introduce several notions from computability
theory. For X,Y € 2¥ we say that Y is Turing reducible to X (written ¥ <p X)
if there is a partial computable function ® :C 2¢ — 2% such that ®(X) =Y. We
write X =p YV if X <7y Y and Y <p X. We fix an effective enumeration of all
partial computable functions. If ® in the definition of Turing reducibility is given
as the e-th partial computable function, then we say that Y <, X via e.

As a kind of extension of the question that asks a natural solution to Post’s prob-
lem, in 1960s, Martin conjectured that natural (in a certain sense) Turing degrees
are well-ordered, and the successor rank is given by the Turing jump. Normally we
require naturalness to be relativizable and Turing degree invariant (see [19]), but
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we here also require the uniformity on Turing degree invariance. This version is
known as the uniform Martin conjecture, which has been solved by [27, 25]. To be
precise, the uniform Martin conjecture deals with the following types of functions:

Definition 5.1 ([27, 25, 4]). A function f: 2¥ — 2 is wuniformly Turing degree
invariant (UI) if there is a function u: w? — w? such that
X =rYvia(de) = f(X)=r f(Y) via u(d, e).

A function f: 2% — 2% is uniformly Turing order preserving (UOP) if there is a

function u: w — w such that
X <rYviae = f(X) <p f(Y) via u(e).

For functions f,g: 2¥ — 2“, we say that f is Martin reducible to g (or f is

Turing reducible to g a.e.; written f <7 g) if
(3C € 2°)(VX 27 C) f(X) <1 g(X).

It is clear that every UOP function is UI. The converse also holds up to the
Turing equivalence a.e.

Fact 6 (Becker [4]). Every UI function is Turing equivalent to a UOP function a.e.

However, this reducibility notion <. is badly behaved for constant functions. In
this article, we use the following variant of <7.:

Definition 5.2. For functions f,g: 2¢ — 2, we write f <Y g if
(3C € 2)(VX 21 C) f(X) <r g(X) & C.

A function f: 2¥ — 2% is increasing a.e. if there is C' € 2% such that f(X) >7 X
for all X >7 C. A function f: 2% — 2% is constant a.e. if there is C' € 2% such that
f(X)=r Cforal X >p C.

Fact 7 (Slaman-Steel [25]). For a UI function f: 2 — 2%, either f is constant
a.e. or [ is increasing a.e.

Observation 5.3. Let f,g: 2* — 2¥ be Ul functions. If g is not constant a.e.,
then

f<trg < f<ty

Proof. Assume that f <Y g via C. By Fact 7, g is increasing a.e. Therefore,
there is D >7 C such that g(X) >7 X for all X >p D. For such X, f(X) <p
9(X) ® C <r g(X). Hence, f <V g. O

The <¥.-degrees of UOP functions forms a well-order of height ©, and the suc-
cessor rank is given by the Turing jump (cf. Steel [27] and Becker [4]).

By UOP we denote the collection of UOP functions, and by F we denote the
collection of real-valued functions on w*. In this section, we will show the following.

Theorem 5.4. The identity map induces an isomorphism between quotients of
(UOP, <¥) and (F,<Sy).

As a corollary, by Observation 5.3, the identity map induces an isomorphism
between the Martin ordering on the UOP operators which is not constant a.e.
and the parallel continuous strong Weihrauch degrees of real-valued non-constant
functions. Theorem 5.4 also implies the following.
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Theorem 5.5. The p.c.s. Weihrauch degrees of real-valued functions on w* form
a well-order of type ©. Moreover, if g: 2¥ — 2* has nonzero p.c.s. Weihrauch rank
a, then §' has p.c.s. Weihrauch rank o + 1, where h'(x) is defined as the Turing
Jump of h(x).

In particular, for any parallelizable function g (that is, g =S, 9), if g has con-
tinuous strong Weihrauch rank «, then ¢’ has continuous strong Weihrauch rank
a + 1. Note that UOP operators are always parallelizable. What this concludes
is that, surprisingly, continuous strong Weihrauch reducibility <¢;, gives us a very
natural well-ordering of functions beyond UOP functions.

5.2. Injectivity. We first show that the identity map gives an embedding of (UOP, <7,
) into (F, SEW). We will use the following notion. A uniformly pointed perfect tree
(u.p.p. tree) is a perfect tree T C 2<% such that T" <p T[X] via some index e
independent of X € 2¢ where we often think of a perfect tree T" as a continuous
embedding T'[-]: 2¥ — 2%, that is, T[X] is the X-th infinite path through 7'

Fact 8 (Martin; see [18]). For any countable partition (P;);c,, of 2¥, there is i € w

such that P; includes the set of all infinite paths through a u.p.p. tree.
Lemma 5.6. Assume that f,g: 2 — 2% are UOP functions. Then,
f<rg <= [<wg = f<wT

Proof. Assume that f <Y g via C. By Fact 8, there are a u.p.p. tree T and
an index e such that for any X, f(T[X]) <r ¢(T[X]) @ C via ®.. Note that
®C: Z s ®.(Z @ C) is continuous. Assume that f is UOP via u. For an index d
witnessing X <r T'[X], we have f(X) <7 f(T[X]) via ®,4). Then, we have

F(X) = ua) (F(T[X])) = Pua) (Pe(9(T[X]) @ O)) = Pua (25 (9(T[X]))).

This implies that f = ®,q) o @Y 0goT, and thus, f <¢w g as desired.

Conversely, assume that f <¢, g. Then, there are continuous functions ®, ¥
such that f(X) = ®({(g(¥(i, X)));) for all X. Let C be an oracle such that ® and
U are C-computable. If X >¢ C, then ¥(i, X) is X-computable uniformly in i,
that is, there is a computable function p such that ¥(i, X) <r X via ®,¢;). Let u
witness that g is UOP. Then, if X > C, then we have g(¥ (i, X)) <r g(X) via
®op(i)- Therefore, @, g(¥(i, X)) <r g(X) ® u. Then, for any X > C,

J(X) =2 ((g(¥(i, X)))i) <7 9(X) Dud C.
Consequently, we get that f <Y g. O

5.3. Surjectivity. To prove Theorem 5.4, it remains to show that every function
frwY = Ris ng—equivalent to a UOP function. Clearly, every constant function
is UOP, and any two constant functions are =Y.-equivalent, and Efw—equivalent.
We hereafter assume that f: w* — R is not constant.

5.3.1. Continuous functions. By Theorem 3.3, the Wadge degrees of 2, -valued
functions of the form Levy can be identified with the Wadge degrees of subsets of
w®. For m-degrees, recall that each selfdual degree splits into two degrees, but this
spliting happens only for m-degrees. Actually, one can see that parallel continuous
strong Weihrauch reducibility for non-constant functions is coarser than Wadge
reducibility as follows.
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Lemma 5.7. Assume that g: w* — R is not constant. For any f: w* — R, if
Levy <, Levy, then f <%y, g.

To show Lemma 5.7, we need the following sublemma. We write f <{;, ¢ if
f <Sw (id, g), where given functions f, h, define (f,h): z — (f(z), h(x)).

Lemma 5.8. Let f,g: w” — R be functions. Assume that g is not constant. Then,
[ <tw 9 if and only if f <3 g.

Proof. It suffices to show that (id,g) <%y, g. Since g is not constant, there are
Yy,Y1 € w® such that g(Yy) # g(Y1). Let Up,U; C R be disjoint rational open
intervals such that g(Y;) C U; for each i < 2. Given X € 2%, define p(i, X) = Yx ;-
Then p: w x 2¥ — w* is continuous. We also define 7(, Z;)(n) = i if Z,, € U;.
Obviously, 7 :C R — 2% is partial continuous. Then,

X =T <@9(YX(1'))> =T <@90P(iax)> .

Thus, the pair (p, 7) witnesses that id <¢;;, g. Consequently, (id, g) <$, (9,9) =sw
g O

Note that the outer reduction 7 in the proof of Lemma 5.8 is clearly computable.
Later we will use this observation to show Theorem 5.5.

Proof (Lemma 5.7). Assume that Levy <,, Lev,. Then, there are continuous func-
tions r, s: Q2 xw¥ — Q and ¥: Q% xw* — w® such that for any p < ¢ and X € w®,
we have r(p,q,X) < s(p, ¢, X) and

[(X)<p = g((p,q, X)) <r(p,q, X),
f(X)>q = g((p,q, X)) > s(p, ¢, X).

Here, [Q]? is identified with w, so endowed with the discrete topology. Then, given
X € w¥ and an [Q%]-indexed sequence y = (Ypq)p<q Of reals, consider Ly, = {p €
Q:ypg >r(p,g, X)} and Rxy = {qg € Q: ypq < s(p,¢, X)}. If sup Lx, = inf Rx
then define ®(X,y) = supLx,. If there are rationals p < ¢ such that p,q ¢
Lx,URx, then s(p,q,X) < ypq < r(p,q,X), which is impossible. Thus, if Ly,
and Rx , are disjoint, then ®(X, y) is defined. One can easily check that the partial
function ® :C w* x R¥ — R is continuous. If y,, = g(¢(p, ¢, X)) then, by the above
property, we have Lx, C {p € Q: f(X) > p} and Rx, C {¢ € Q: f(X) < ¢},
so we get ®(X,y) =supLx, = inf Rx, = f(X). Consequently, (¢, ®) witnesses
that f <{, g, and thus f <$;;, g by Lemma 5.8. O

By Lemma 5.7, the ng—degrees of continuous functions consist only of two
degrees, that is, if f and g are continuous, but not constant, then f E;W g. In
particular, f EEW id, where note that the identity map id is clearly a UOP function.
Hence, it remains to consider the case that f is discontinuous.

5.3.2. Nonselfdual functions. Assume that Levy is nonselfdual. As in Becker [4],
we first assign a UOP function to each nonselfdual Wadge degree. Following Becker
[4, Definiton 2.2], we say that a pointclass I" is reasonable if T' is w-parametrized,
contains all computable sets, and has the substitution property. We do not explain
the details of this definition, since only the facts described below are used, rather
than the definition itself.
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For a reasonable pointclass I', a I'-indexing is a I' set U C w? x 2% such that for
any I' set V' C w x 2% such that there exists e such that, for any n € w and X € 2%,
U(e,n,X) if and only if V(n, X). In particular, a I-indexing is I'-complete. As in
[4, Definiton 2.4], given a I-indexing U, we define JY : 2 — 2% as follows:

Jlg(X) ={{m,n) : U(m,n, X)}.

Fact 9 (Becker [4, Lemmas 2.5 and 2.6]). For any reasonable pointclass T' and its
indezing U, J¥ is a UOP function which is increasing a.e. Moreover, the =3.-degree
of J¥ is independent of the choice of U.

By Fact 9 and Lemma 5.6, there is no harm if we use the symbol Jr to denote
JY. As in Section 2.1, given a pointclass I', we define I*={A:w* -2, |(3S¢
A<, S}

Lemma 5.9. For any reasonable pointclass I' and function f: w” — R, if Levy is
[¥-complete, then f =%, Jr.

Proof. Let U be a I'-indexing, which is, in particular, I'-complete. Since Lev; &
I'©, there is a continuous function # such that Levi({p,¢)"X) <2, Uo0(p,q,X).
Then 60(p, q, X) is of the form (7,4(X),¥pe(X)), where 7p,(X) € w? and 1,,(X) €
w®. Thus, Lev;((p,q)"X) <2, J¥ (¥pq(X))(7pq(X)). Then, given X € w* and a
[Q]?-sequence (ypq)p<q Of elements in 2¢; as in the proof of Lemma 5.7, consider
Lxy =A{p € Q : ypq(pq(X)) = 0} and Rxy = {q € Q : ypq(7pe(X)) = 1}. If
sup Lx , = inf Rx, then define ®(X,y) = sup Lx,. Then the partial function
P :C w¥ x (2¢¥)% — R is continuous. If y,, = J¥ (¢p4(X)) then, as in the proof of
Lemma 5.7, we get ®(X,y) =sup Lx,, = inf Rx, = f(X). Thus, (¢, ®) witnesses
that f <{}, j; Consequently, f <$ j; by Lemma 5.8 since Jr is not constant by
Fact 9.

Conversely, since U € I" and Levy is I'“-complete, there are continuous functions
Trny Smn, Ymn Such that U(m,n, X) = Lev((rmn(X), $Smn (X)) ¢mn(X)). Thus,
FWmn(X)) < $mn(X) then Jp(X)(m,n) = 0; and f(¢mn(X)) > rmn(X) then
Jr(X)(m,n) = 1. Now, by the similar argument as above, one can show that
Jr <5 f- O

Becker [4, Lemma 3.4] showed that for every nonzero ordinal a@ < O, there are
reasonable pointclasses ¥ and II such that ¥ = ¥, and IT = II,. Consequently, if
Levy is nonselfdual, then there is a UOP function g (i.e., g = Jx, or g = J1) such
that f EEW g.

5.3.3. Selfdual functions. It remains to consider the case that Levy is selfdual, and
f is discontinuous. By discontinuity of f, we have Levy ¢ A?. Generally, the
following lemma states that we do not need to deal with a selfdual Wadge degree
of successor rank.

Lemma 5.10. Assume oo > 0. For any f,g: w = R, if Lev; € A2+1 and if Lev,
is $.5 -complete, then f <, §.

Proof. Given g: w* — R, define —g by (—g¢)(X) = —g(X). Note that Lev_,
is II$-complete whenever Lev, is ©$-complete. Define h by h(0X) = g(X) and
h(1X) = —g(X). Then, Levy, is A2+1—complete, and therefore, if Levy € Ag—&-l’
then Levy <,, Levy. Thus, by Lemma 5.7, we have f <%, h. Therefore, it suffices
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to show that h <¢;, g. Since @ > 0, g cannot be constant, that is, there are Zy, Z;
such that g(Zy) # g(Z1). Let Uy, U1 C R be disjoint open sets such that g(Z;) C U;
for each ¢ < 2. Define ¥(0iX) = Z;, and ¥(15.X) = X. Then define (2 dy) =y if
z € Uy, and ®(z @ y) = —y if we find that z € U;. Obviously, ¥ :C w* — w* and
® :C R? — R are continuous. Then, we get

h(iX) = D(g(W(0iX)) & g(W(1iX))).
Consequently, h <%, g as desired. O

If a is a limit ordinal of countable cofinality, there is a sequence £, < « such
that o = sup,, B,,. Let Jg, be a UOP function corresponding to the reasonable
pointclass ¥, . Then, as in Becker [4], define J, as follows:

new
Becker [4] showed that J,, is a UOP function on a u.p.p. tree, that is, there is a
u.p.p tree 1" such that J := J, 0T is UOP. Note that 1" can be identified with the
homeomorphism T7[-]: 2* ~ [T, where [T] is the set of infinite paths through T.

Lemma 5.11. Let « be a limit ordinal of countable cofinality. For any f: w* — R,
if Levy is AS-complete, then f =%, J*.

Proof. Note that f can be written as a join of functions fg, such that Levy, is
Egn—complete. By Lemma 5.9, f, EEW Jg, - Hence, f EEW Jo. Then the assertion
holds since J, =%, JX via T and T O

Proof (Theorem 5.4). In Section 5.2, we have already seen that the identity map
is an embedding from the quotient of (UOP, <%.) into that of (F, <%;,). It suffices
to show that it is surjective; that is, for any function f: w* — R there exists a
UOP function J such that f EEW J. For any f: w* — R, there exists « such that
Levy is I'g-complete, where I' € {X,II, A}. If T' € {X,II}, then by (the paragraph
below) Lemma 5.9, f EEW J for some UOP function J. If I' = A then by Fact
2 the cofinality of « is countable. Thus, by Lemma 5.10 if « is successor, and by

Lemma 5.11 if « is limit, there exists a UOP function J such that f =¢;, J. This
completes the proof. O

We finally show Theorem 5.5 saying that the jump of the parallelization always
gives the successor rank.

Proof (Theorem 5.5). As mentioned before, the <Y.-degrees of UOP functions form
a well-order of height ©, and therefore, by Theorem 5.4, so are the p.c.s. Weihrauch
degrees of real-valued functions.

We claim that for non-constant functions f, g: 2¥ — 2« if f SEW g then f <¢,,
g'. First note that the Turing jump X — X' is UOP, so let u be a witness of UOP-
ness of the Turing jump, that is, if X <7 Y via e then X’ <p Y’ via u(e). If
f §§W g then there are continuous functions h and k such that f = kogoh. Put
Bx = g(h(X)) for any X € 2¥. As k is continuous, there is an oracle C such that
k is C-computable. Hence, f(X) <p Bx @ C via some index e independent of X.
As in the proof of Lemma 5.8, since g is not constant, one can find (Z¢ : n € w)
such that g((Z¢ : n € w)) computes C. Assume that h(X) = (h,(X) : n € w).
Then define 79, (X) = by (X), ron1(X) = ZS, and 7(X) = (r,(X) : n € w). Since
Bx @& C <r g(r(X)) via some index d (independent of X), (Bx ® C)’ <r g(r(X))
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via u(d). Moreover, since f(X) <r Bx ® C via e, we have f(X) <r (Bx & C)’
via u(e). Hence, there is an index ¢ independent of X such that f(X) <p g(r(X))’
via c. In other words, the pair (r, ®.) witnesses ' <%, ¢’

Let f be a non-constant function of p.c.s. Weihrauch rank «. By Theorem 5.4,
there is a UOP function g such that f ESW g, and the <f-rank of g is also av. It is
easy to see that § and g’ are also UOP, and clearly g =%;, g. Hence, by Theorem
5.4, the <Y-rank of g is still a. Then, by Steel’s theorem [27], the <Y.-rank of
g is a+1, and again | by Theorem 5.4, so is the p.c.s. Weihrauch rank By the
above claim, we have f’ —C w 7. Consequently, the p.c.s. Weihrauch rank of f’ is
a+1 (]

The claim in the above proof also shows that if f is non-constant and paral-
lelizable, so is f’: By parallelizability of f, we have f <¢w [, and by the above
claim, we also have (f)’ <¢w f'. For A, = f(X,), as the Turing jump is UOP,
D,,c., A, is computable in (P (")
Therefore, f’ is parallelizable.

As a consequence, if f is non-constant and parallelizable, then one can obtain
an wi-sequence of p.c.s. Weihrauch successor ranks of f only by iterating the jump
g—9.
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