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ABSTRACT

Irreversibility is usually captured by a comparison between the process that happens and a corresponding “reverse process.” In the last
decades, this comparison has been extensively studied through fluctuation relations. Here, we revisit fluctuation relations from the
standpoint, suggested decades ago by Watanabe, that the comparison should involve the prediction and the retrodiction on the unique
process, rather than two processes. We identify a necessary and sufficient condition for a retrodictive reading of a fluctuation relation. The
retrodictive narrative also brings to the fore the possibility of deriving fluctuation relations based on various statistical divergences, and
clarifies some of the traditional assumptions as arising from the choice of a reference prior.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1116/5.0060893

I. PROCESSES VERSUS INFERENCES

Quantitative approaches to irreversibility traditionally involve a
comparison between the process physically happening, usually called
forward process, and a corresponding reverse (or backward) process. The
definition of the latter is intuitive only for some processes: somewhat iron-
ically, not for those that are paradigmatic of irreversibility. Indeed, con-
sider the erasure channel, which sends every possible input state to a
unique, fixed output state: what should one take as its reverse process?

In a previous paper,1 two of us proposed to look at irreversibility
as arising out of our logical inference, rather than out of physical pro-
cesses. Specifically, we proposed to define the reverse process in terms
of Bayesian retrodiction. This is a universal recipe. This retrodictive
element can be identified a posteriori in all previously reported fluctua-
tion relations that we checked, including the most famous ones, both clas-
sical2–5 and quantum,6 that are highlighted in the many available
reviews.7–10 Besides recovering “intuitive” reverse processes, retrodiction
provides a definition for the non-intuitive ones, which smoothly removes
anomalies that were reported with other tentative definitions. Thus, it
seems plausible that all fluctuation relations can be understood in terms
of retrodiction (though the literature is too vast and sparse to make a
definitive call, we shall strengthen the evidence with Result 3 below).

In the pursuit of this line of research, we recognize that our previ-
ous paper was not radical enough. If the retrodictive origin of

irreversibility is assumed, the narrative of the two processes becomes
superfluous: using retrodiction to define a reverse process is an unnec-
essary step. There is only one process, the one that happens; what is
being compared are our forward and backward inferences on it: pre-
diction and retrodiction.

The replacement of irreversibility with irretrodictability was pio-
neered by Watanabe,11,12 though prior to our previous work no con-
nection had been drawn with the fluctuation theorems derived in the
last twenty years. Under this change of viewpoint, it is the same phys-
ics that is being described, freed from an excess baggage in the narra-
tive (and thus, possibly, on the interpretation). Besides epistemological
economy, we are going to show that this viewpoint is fruitful as it
opens previously unnoticed vistas.

The plan of this paper is as follows. In Sec. II, we present a self-
contained introduction to retrodiction, both classical and quantum;
and Sec. III describes two case studies in detail. Section IV deals with
fluctuation relations: we show that these relations are intimately
related to statistical distances (“divergences”) and that Bayesian retro-
diction arises from the requirement that the fluctuating variable can be
computed locally. We also compare the fluctuation relations obtained
in the retrodictive narrative with those obtained in the reverse-process
narrative. Section V reflects back on the structure of retrodiction, elab-
orating on the role of the unavoidable reference prior.
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A word on the presentation. This paper covers topics from statis-
tics, thermodynamics, and quantum information. We have tried to
keep the presentation self-contained. We have also adopted a compact
approach to references: besides those that prove specific results, we
shall cite mostly reference books and reviews, and occasionally a few
works that we consider clear and exemplary, useful as entry points for
the reader, without any expectation of being exhaustive.

II. RETRODICTION: GENERALITIES

In this paper, we consider processes with discrete alphabets. The
input of the channel is denoted x 2 f1; 2;…; dxg and the output
y 2 f1; 2;…; dyg. We shall always have in mind dx ¼ dy ¼ d, keep-
ing the notation different only when clarity demands it.

Also, throughout the paper, we assume that all probability vectors
have strictly positive elements, and also all channels have only strictly
positive entries (with the exception of the permutation channels stud-
ied in Subsection III A). Arbitrarily small entries would be indistin-
guishable from an exact zero, certainly in practice, and perhaps also in
principle depending on one’s understanding of probabilities.

A. Bayesian retrodiction on classical information

As basic setting of retrodiction, consider the most elementary
form of statistical inference: at the output of a known channel uðyjxÞ,
one observes the outcome y ¼ y�, and wants to infer something about
the input x. In this paper, we focus on Bayesian retrodiction, whose
goal is to update one’s belief on the distribution of x. This requires a
prior belief, the reference prior, denoted nðxÞ. The total prior knowl-
edge is therefore captured by the joint probability distribution
Pnðx; yÞ ¼ nðxÞuðyjxÞ; in particular, the prior knowledge about y is
n̂ðyÞ ¼

P
x nðxÞuðyjxÞ. When the knowledge on y is updated to

y ¼ y�, one performs the Bayes’ update

Pnðx; yÞ!
y¼y�

P0nðx; yÞ ¼ Pnðxjy�Þdy;y� (1)

on the total knowledge, whence the updated knowledge on x follows
as Pnðxjy�Þ ¼ nðxÞuðy�jxÞ=n̂ðy�Þ. This is the most elementary exam-
ple of retrodiction.

Slightly less basic, though also widely discussed in the statistical
literature, is the retrodiction on x based on “soft evidence” on y. This
refers to the situation, in which the update on y is not a sharp value
y ¼ y�, but a distribution u(y). In real life, soft evidence may arise by
sheer uncertainty (e.g., reading the outcome y in very dim light) or by
virtual evidence (e.g., the doctor told me a definite result z ¼ z� for my
test, but I saw that he was tired and fear that he may have misread the
actual result y written on the sheet). The translation of such uncertain-
ties into a quantitative u(y) is not trivial,13,14 but we take it for granted.
For such situations, Bayes’ update (1) is generalized to Jeffrey’s update15

Pnðx; yÞ !
uðyÞ

P0nðx; yÞ ¼ PnðxjyÞ uðyÞ: (2)

In the case of virtual evidence, Jeffrey’s update is a direct conse-
quence16,17 of Bayes’ update starting from z ¼ z�, under the assump-
tion that the variable z influences directly only y and not x (cf. the
example above: the tiredness of the doctor has no direct influence on
whether I am actually sick). In other cases, it may be considered as an
actual addition to the rules of Bayesian inference (this was Jeffrey’s
own view).

Thus, the conditional probability PnðxjyÞ plays the role of chan-
nel for the retrodiction, in short retrodiction channel. For the remain-
der of the paper, we change the notation to

ûnðxjyÞ ¼
nðxÞ
n̂ðyÞ

uðyjxÞ: (3)

We shall make use at our convenience of a matrix representation.
The channel uðyjxÞ is represented by the column-stochastic matrix

Mu ¼

uð0j0Þ � � � uð0jdxÞ
. .

.

..

.
uðyjxÞ ..

.

. .
.

uðdyj0Þ � � � uðdyjdxÞ

0
BBBBBBB@

1
CCCCCCCA
:

Similarly, the retrodiction channel ûnðxjyÞ is represented by the col-
umn stochastic matrix

Mûn ¼

ûnð0j0Þ � � � ûnð0jdyÞ
. .

.

..

.
ûnðxjyÞ ..

.

. .
.

ûnðdxj0Þ � � � ûnðdxjdyÞ

0
BBBBBBBB@

1
CCCCCCCCA
:

In this notation, we similarly define input and output distributions
p(x) as column vectors vp. For instance, the relations that define the
reference prior can be written as

Muvn ¼ vn̂ ; Mûnvn̂ ¼ vn: (4)

B. Two remarks

Before continuing, we bring up two crucial remarks. The first is
about the reference prior. It is well known,11,12,17 and our presentation
above leaves it clear once again, that this element of subjectivity is an
unavoidable feature of Bayesian retrodiction for a generic channel.
The question of the choice of the prior is a recurring topic in Bayesian
statistics. The literature on fluctuation relations does not mention it as
such, the assumption being stated in more physical language. We shall
get back to this point in Sec. V. Here, for the sake of definiteness we
just mention two possible choices. One is the uniform prior nðxÞ ¼ 1

d
for all x. Another is the steady state of u, defined by c ¼ ĉ. Every
stochastic map has at least one steady state, and exactly one if all its
entries are strictly positive. It follows immediately from ûcðxjyÞ
¼ cðxÞ

cðyÞ uðyjxÞ that the uniform prior is a steady state if and only if u is

bistochastic.
The second remark, that also others felt the need to highlight,18 is

that retrodiction is not inversion. A channel has a linear inverse if there
exists M such that MMu ¼ 1. In the case of an invertible channel,
given a valid output distribution p̂ðyÞ ¼

P
x uðyjxÞpðxÞ, one is able to

recover the input distribution p(x). But for most invertible channels,
M is not a channel itself: there exist u(y) such that vu 6¼ Muvp. In par-
ticular, since the image of the probability simplex by Mu is convex,
there exists y� such that no input distribution p(x) is mapped by Mu
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to dy;y�—while retrodicting from dy;y� is the most basic example of
Bayesian inference. Ultimately of course the difference is in the task:
retrodiction does not aim at reconstructing the prior through repeated
sampling, but at updating one’s belief after a single run of the process.
This is particularly clear in the example of the test for a sickness given
above. See Refs. 42 and 43 for studies of retrodiction of quantum tem-
poral dynamics.

In Subsection IIIA, we shall see a remarkable coincidence: the
channels for which the retrodiction channel coincides with the inverse,
and those for which the retrodiction channel is independent of the ref-
erence prior, are exactly the same.

C. Retrodiction on “quantum-inside” classical channels

According to our current knowledge, the most general descrip-
tion of the inner working of any classical input–output channel is
given by quantum theory. The quantum-inside description of a classi-
cal channel is as follows (Fig. 1). The classical input x prepares a sys-
tem in a state qx. The system is then sent through a quantum channel
[a completely positive, trace-preserving (CPTP) map] E, and eventu-
ally measured with the positive operator-valued measure (POVM)
fPyg, leading to the classical outcome y. All in all,

uðyjxÞ ¼ TrðPy E qx½ �Þ: (5)

We want to derive the quantum description of the associated classical
retrodiction channel (3): that is, finding states q̂y , a CPTP map Ê, and
a POVM fP̂xgx , such that

unðxjyÞ ¼ TrðP̂x Ê q̂y
� �Þ: (6)

For this, we first need to define the adjoint E† of the channel, that is
the operator such that TrðYE½X�Þ ¼ TrðE†½Y �XÞ for all operators X,
Y. Inserting this definition in (3), one finds

unðxjyÞ ¼ Tr ðnðxÞqxÞE† Py=n̂ðyÞ
h i� �

:

This looks like (3), but in general one has TrðPy=n̂ðyÞÞ
6¼ 1;

P
x nðxÞqx 6¼ 1, and E† is a CPTP map only if E is unital. In

order to identify proper states, channel and measurement, one has to
introduce a reference state

N ¼
X
x

nðxÞqx: (7)

As in the classical case, we assume that N and N̂ ¼ E½N� have full
rank, to skip caveats for situations of measure zero. Then one possible
construction of the quantum elements of (6) uses

q̂y ¼
1

n̂ðyÞ
SðE N½ �Þ Py

� �
; (8)

Ê � ÊN ¼SðNÞ�E† �S�1ðE N½ �Þ; (9)

P̂x ¼ nðxÞS�1ðNÞ qx½ �; (10)

where we have introduced the notation SðAÞ½B� ¼
ffiffiffiffi
A
p

B
ffiffiffiffi
A
p

for a
positive operator A. Starting from this basic construction, one can
obtain others as follows:

q̂y ! Us q̂y
� �

; (11)

ÊN ! Um � ÊN �U�1s ; (12)

P̂x ! P̂x �U�1m ; (13)

also leading to (6) for any pair of unitary channels ðUs;UmÞ.
The key observation is that the retrodiction channel Ê turns out

to be the Petz recovery or Petz transposemap19,20 of E for the reference
state N [Eq. (9)], or a rotated version thereof [Eq. (12)].

The Petz map, a widely used tool in quantum information,21–23

was previously identified on formal grounds as the generalization of
retrodiction within the quantum formalism.24–27 First of all, in the
case where all the states and the channels are diagonal in the same
basis, (9) reduces to (3). Furthermore, just as the Bayesian retrodiction
ûn depends on a reference prior n, the Petz map Êa depends on a ref-
erence state a.28 Interestingly, the Petz map was also used for quantum
fluctuation relations,29 but the connection with retrodiction was not
noticed.

III. RETRODICTION: TWO CASE STUDIES

In this section, we present first retrodiction on Hamiltonian
channels (both classical and quantum), which are provably the only
ones for which the retrodictive map is independent of the reference
prior and is identical to the inverse. Then, we discuss retrodiction for
all classical bit channels (d¼ 2): precisely because it is elementary, this
case study is useful to clarify features and dissipate possible confusions
about retrodiction.

A. Case study: Hamiltonian channels

We call Hamiltonian channels, both classical and quantum,
channels that are both deterministic and invertible (Watanabe12

referred to these channels as “bilaterally deterministic”). The flows do
not cross, and each state belongs to one and only one trajectory.

For classical information, we have y ¼ f ðxÞ with f a bijection (in
the discrete case, a permutation), and so x ¼ f �1ðyÞ is uniquely
defined. In this case, it is absolutely natural to expect

uðyjxÞ ¼ dy;f ðxÞ ) ûnðxjyÞ ¼ dx;f �1ðyÞ; (14)

independent of the reference prior. It is readily verified that this is
indeed the case from Eq. (3), since for a bijection we have
n̂ðyÞ ¼ nðxÞdy;f ðxÞ.

FIG. 1. A quantum-inside classical channel and the corresponding retrodiction chan-
nel. The construction, described in Eqs. (7)–(10), is valid for every set of states
fqxg, every CPTP map E and every POVM fPyg.

AVS Quantum Science ARTICLE scitation.org/journal/aqs

AVS Quantum Sci. 3, 045601 (2021); doi: 10.1116/5.0060893 3, 045601-3

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/aqs


This result has very appealing features: the retrodiction chan-
nel coincides with the inverse and is independent of the arbitrary
choice of reference prior. Appealing as they are, these features can-
not be taken as paradigmatic, because they are actually unique to
this case.

Result 1. The following three statements are equivalent:

I The channel u is a permutation.
II The retrodiction channel û is independent of the reference prior.
III There exists a reference prior n, for which the retrodiction chan-

nel ûn is the inverse channel u
�1.

Proof. We present a full proof here, putting on record that the
equivalence of (I) and (II) was already proved in Watanabe’s pioneer-
ing study.12

Equation (14) proves (I)!(II, III). The implication (II)!(III)
goes as follows: Eq. (4) implies MûnMuvn ¼ vn. If Mûn ¼ Mû for all
n, then MûMuvn ¼ vn for all vectors: then MûMu ¼ 1, that is
û ¼ u�1.

We are left to prove (III)!(I). Let us assume that there is a refer-
ence prior such that ûn ¼ u�1, i.e.,MûnMu ¼ 1. Let us spell out this
condition:

MûnMu ¼ 1()
X
y

M
ûn

x0yM
u
yx ¼ dx0x 8x0x

()
X
y

ûnðx0jyÞuðyjxÞ ¼ dx0x 8x0x

()
X
y

nðx0Þ
n̂ðyÞ

uðyjx0ÞuðyjxÞ ¼ dx0x 8x0x :

All the terms are products of non-negative numbers, nðxÞ > 0 for all x
by assumption, and 1=n̂ðyÞ 6¼ 0 for 0 � n̂ðyÞ � 1. Thus, for all the
off-diagonal terms to be zero, we need

uðyjx0ÞuðyjxÞ ¼ 0 8x0 6¼x;y: (15)

This means the product of any two entries of a given y-row will always
be zero. Hence, there can be at most one non-zero entry for that row,
which means that the matrixMu can have at most d non-zero entries.

But there are d columns, and the sum of all the elements of each col-
umn must be 1. Thus, the only possibility is that each row and each
column have exactly one non-zero entry, and the value of the entry is
1. This defines a permutation matrix and concludes the proof. �

Incidentally, condition (15) shows thatMûnMu ¼ 1 is not deter-
mined by the reference prior; so, at that point we had proved directly
(III)!(II).

The same result holds for retrodiction on quantum informa-
tion—in fact, Result 1 was presented first for reasons of clarity, but can
be seen as a special case of the following:

Result 2. The following three statements are equivalent:

(I) The channel E is unitary.
(II) The retrodiction channel Ê is independent of the reference prior.
(III) There exists a reference state a, for which the retrodiction

channel Êa is the inverse channel E
�1.

Proof. The implications (I)!(II, III) follow from the direct cal-
culation of (9) for a unitary channel:

Ûa ¼SðaÞ �U† �S�1ðU a½ �Þ
¼ ðU† �UÞ �SðaÞ �U† �S�1ðU a½ �Þ
¼ U† ¼ U�1;

where we have used U† �U ¼ I the identity channel, and U �
SðaÞ �U† ¼SðU½a�Þ that is U

ffiffiffi
a
p

U† ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
UaU†
p

.
The proof of (II)!(III) is analog to that for classical informa-

tion. Trivially, Êa � E½a� ¼ a holds by definition of Êa. Therefore, if
Êa ¼ Ê for all a, then Ê½E½q�� ¼ q for all q; whence Ê ¼ E�1.

Finally, for the proof of (III)!(I): since any Petz map is CPTP,
the starting assumption Êa ¼ E�1 implies that E�1 is a CPTP map.
But it is known that a CPTP map E with the same input and output
space has a CPTP inverse (that is, it is invertible, and the inverse is
itself a channel) if and only if it is unitary.30,31 �

B. Classical one-bit channels

As a second case study, we consider classical stochastic processes
for d¼ 2 (Fig. 2). We write a generic channel as

FIG. 2. Bit channels (a) and their retrodiction (b) can be depicted as the respective maps above.
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Mu ¼
uð0j0Þ uð0j1Þ
uð1j0Þ uð1j1Þ

 !
�

1� a b

a 1� b

 !
; (16)

with 0 � a; b � 1. Its steady state is

cð0Þ ¼ b
aþ b

; cð1Þ ¼ a
aþ b

;

unique unless a ¼ b ¼ 0 (this being expected, since every state is a
steady state for the identity channel).

The corresponding retrodiction channel with generic reference
prior is

Mûn ¼
ûnð0j0Þ ûnð0j1Þ
ûnð1j0Þ ûnð1j1Þ

 !

¼
ð1� aÞ nð0Þ

n̂ð0Þ
a

nð0Þ
n̂ð1Þ

b
nð1Þ
n̂ð0Þ

ð1� bÞ nð1Þ
n̂ð1Þ

0
BBBB@

1
CCCCA ; (17)

with n̂ð0Þ ¼ ð1� aÞnð0Þ þ bnð1Þ and n̂ð1Þ ¼ 1� n̂ð0Þ. Interestingly,
the retrodiction channel built on the steady state has the same stochas-
tic matrix as the channel itself,

Mûc ¼ Mu d ¼ 2½ �: (18)

This can be verified without calculation, noticing that ûcðxjxÞ
¼ uðxjxÞ and thatMûc must also be column-stochastic.

The channel (16) is invertible if and only if aþ b 6¼ 1. Result 1 of
course holds: the retrodiction channel will be the inverse if and only if
a ¼ b ¼ 0 (identity channel) or a ¼ b ¼ 1 (bit-flip channel). For all
the other invertible channels, retrodiction and inversion do not coin-
cide, whatever the choice of the reference prior.

The non-invertible channels, aþ b ¼ 1, make for an interesting
case study; we change the notation a! e, so that

Mu ¼ 1� e 1� e
e e

� �
: (19)

First notice that

Muvp ¼ 1� e
e

� �
; (20)

for all input p. In other words, these channels erase whatever informa-
tion is present in the input, and produce a fixed output distribution
(which, of course, coincides with their steady state). In this sense, they
could all be called erasure channels, though the name is usually given
to the case e ¼ 0.

Because at the output all information on the input has been
destroyed, one may naively expect the retrodiction channel to produce
a completely random outcome. But this forgetting the importance of
the reference prior in retrodiction. Plugging the expressions in the
equations, one readily finds

Mûn ¼ nð0Þ nð0Þ
nð1Þ nð1Þ

� �
: (21)

The retrodiction channel of an erasure channel is the erasure channel
that returns the reference prior—a result that can be easily extended to
any alphabet dimension.32 In agreement with (18), if the reference prior
is the steady state, the retrodiction channel is the same erasure channel.
The fact that one can associate a thermodynamically reversible process
to a logically irreversible channel like the erasure channel was noted for
instance by Sagawa (Ref. 44). The identity between the forward and the
reverse erasure channels was noticed by Riechers and co-workers
(Ref. 45). for a specific toy model of physical erasure. We see here that
it is an unavoidable feature, having defined the reverse process from
the steady state. These observations are summarized in Fig. 3.

IV. FLUCTUATION RELATIONS FROM RETRODICTION

The topic of this section, fluctuation relations, originated in statisti-
cal thermodynamics. As we shall see, the formal structure of these rela-
tions can be derived without any reference to that branch of physics. As
it happens, we shall mention thermodynamics only in the very last para-
graph of the section. The explicit application of these formulas to impor-
tant situations in thermodynamics was discussed in our previous paper.1

A. The process and its statistics

As we noted in the introduction, it is customary in studies of irre-
versibility to define the physical process as the forward process, and to
compare it to its corresponding reverse process. Here, we adopt a dif-
ferent narrative as follows:

• There is only one process, the one that is happening.
• A (forward) prediction on the process starts with a prior p(x) on
the input, and infers the predicted distribution

FIG. 3. (a) An �-erasure channel, (b) the retrodiction channel with steady state as reference prior, (c) the retrodiction channel for a generic reference prior.
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PFðx; yÞ ¼ pðxÞuðyjxÞ: (22)

• A retrodiction on the process starts with a prior q(y) on the out-
put, and infers the retrodicted distribution

PR n½ �ðx; yÞ ¼ qðyÞûnðxjyÞ: (23)

The explicit mention of n will be dropped for simplicity in the
remainder of this section and resumed in Sec. V.

We proceed to derive fluctuation relations with our narrative,
and later we show the comparison with the reverse-process narrative.

B. Derivation of the fluctuation relations

Consider a variable Xðx; yÞ that depends on the initial and final
states, and may be determined by the process. Its predicted distribu-
tion is

lFðxÞ ¼
X
x;y

dðx� Xðx; yÞÞ PFðx; yÞ; (24)

while its retrodicted distribution is

lRðxÞ ¼
X
x;y

dðx� Xðx; yÞÞ PRðx; yÞ

¼
X
x;y

dðx� Xðx; yÞÞRðx; yÞ PFðx; yÞ ; (25)

where

R x; yð Þ ¼
PR x; yð Þ
PF x; yð Þ

: (26)

So, the difference between lFðxÞ and lRðxÞ is encoded in this ratio of
probabilities, which is exactly the quantity that appears in the statisti-
cal f-divergence33,34

Df ðPRjjPFÞ ¼
X
x;y

PFðx; yÞ f ðRðx; yÞÞ; (27)

where the function f(r) must be convex for r 2 Rþ and satisfy
f ð1Þ ¼ 0. The “entropy production,” on which the thermodynamical
literature bases fluctuation relations, uses f ðrÞ ¼ �ln ðrÞ, which gen-
erates the reverse Kullback–Leibler distance DKLðPF jjPRÞ. But we do
not need to choose that particular function at this stage: for any func-
tion f(r) invertible35 for r 2 Rþ, if we set

Xðx; yÞ ¼ f ðRðx; yÞÞ; (28)

we have by definition

hxiF ¼ Df ðPRjjPFÞ: (29)

Besides, there immediately follows from (24) and (25) the fluctuation
relation

lRðxÞ ¼ f �1ðxÞlFðxÞ; (30)

that is the generalization of Crooks’ theorem.4 By integrating over x,
one obtains the integral fluctuation relation

hf �1ðxÞiF ¼
X
x;y

PRðx; yÞ ¼ 1; (31)

that depends only on the process. This is the generalization of
Jarzynski’s equality.3

C. Comparison between retrodiction and reverse
process

In all the literature we are aware of, fluctuation relations are pre-
sented as a measure of the statistical difference between the forward
and the reverse process, not between the predicted and retrodicted distri-
butions of a single process. The difference between the two narratives
has mathematical manifestations that we are going to discuss now.

For the sake of definiteness, let us start with a canonical example.
Suppose that the variable of interest is entropy, and that in the process
under study it changes by DS. In a retrodictive approach, (23) defines
the retrodicted distribution for that same process. But if one looks at
(23) as defining a reverse process, for that process the change of
entropy will be rather�DS.

Generalizing this observation, the distribution of the variable x
in the reverse process reads

~lRðxÞ ¼
X
x;y

dðx� ~Xðx; yÞÞPRðx; yÞ; (32)

where, under assumption (28),

~Xðx; yÞ ¼ f
1

Rðx; yÞ

� �
� gðXðx; yÞÞ; (33)

because the roles of PF and PR are exchanged between the forward and
the reverse process [for the choice f ðrÞ ¼ �ln ðrÞ, there follows the
expected minus sign gðxÞ ¼ f ð1=rÞ ¼ �f ðrÞ ¼ �x]. The resulting
fluctuation relation then reads1

~lRðgðxÞÞjg 0ðxÞj ¼ f �1ðxÞlFðxÞ: (34)

As expected, lF evaluated at x is now related to ~lR evaluated at gðxÞ.
The Jacobian factor, which comes from the change of variable in the
d-function, ensures that the integral fluctuation relation takes exactly
the same form as (31).

A comparison of (30) and (34) for various choices of f is given in
Table I. For the thermodynamical case f ðrÞ ¼ �ln ðrÞ, we have
jg 0ðxÞj ¼ 1, and therefore the only difference between (30) and (34) is
that lR is evaluated atx while ~lR is evaluated at�x. Thus, in thermo-
dynamics not only the Jarzynski equality but also the Crooks fluctua-
tion theorem is the same in both narratives (up to that sign change).
Interestingly, even when reporting experiments in which the reverse
process was actually implemented, it is the retrodictive version that is
usually plotted for its visual convenience: see for instance the pioneer-
ing verification of Crooks’ fluctuation theorem with folding and
unfolding of RNA.36

D. Fluctuation relations and Bayesian retrodiction

In the retrodictive narrative, the fluctuation relation (30) and its
derivate (31) are statistical properties of the random variable x defined
by (29). They are formally valid for the statistical comparison between
arbitrary PF and PR, with no reference to the notion of retrodiction, let
alone to its mathematical expression (3). In the reverse-process narra-
tives, one studies the distribution of the values of the variable when the
roles of PF and PR are swapped [Eq. (33)]; but even then, the fluctua-
tion relations follow without having specified any mathematical rela-
tion between PF and PR. So, what is the role of Bayesian retrodiction,
or that of a proper definition of the reverse process? We are going to
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prove that it singles out a specific structure for R(x, y), and that this
simple result has far-reaching consequences in the context of
thermodynamics.

Result 3. The ratio R(x, y) [Eq. (26)] is of the form FðxÞGðyÞ, for
some functions F and G, if and only if PF and PR are related as (22) and
(23), with the latter constructed from Bayesian retrodiction [Eq. (3)]. In
this case,

Rðx; yÞ ¼ nðxÞ
pðxÞ

qðyÞ
n̂ðyÞ

: (35)

Proof. If PF and PR are given by (22) and (23), using (3) it is trivial
to derive (35). In the other direction: without loss of generality we
keep the form (22) for PF and, using the product rule of joint probabil-
ities, we write PRðx; yÞ ¼ qðyÞgðxjyÞ for the conditional distribution
(channel) g and marginal q. The assumption reads

gðxjyÞ
uðyjxÞ ¼

~FðxÞ~GðyÞ 8x;y;

with ~FðxÞ ¼ pðxÞFðxÞ and ~GðyÞ ¼ GðyÞ=qðyÞ. Since the LHS is
strictly positive,37 signð~FðxÞÞ ¼ signð~GðyÞÞ must hold for all (x, y).
Now, being a channel, g must satisfy

P
x gðxjyÞ ¼ 1, that is

1=~GðyÞ ¼
P

x
~FðxÞuðyjxÞ. So, finally

gðxjyÞ ¼
~FðxÞX

x

~FðxÞuðyjxÞ
uðyjxÞ � ûnðxjyÞ;

where nðxÞ ¼ ~FðxÞ=
P

x
~FðxÞ is a valid probability distribution

because all the ~FðxÞ have the same sign. �

While this result may look purely anecdotal or formal, let us
recall that in the usual thermodynamical interpretation Xðx; yÞ
¼ �ln ðRðx; yÞÞ is the (non-adiabatic) stochastic entropy produc-
tion.38 Thus, whenever the stochastic entropy production can be com-
puted locally (that is, independently of the correlations between
microstates x and y), a structure of Bayesian retrodiction is unavoidable
(in the reverse-process narrative: the reverse process must be defined
through Bayesian retrodiction).

V. ON THE CHOICE OF THE REFERENCE PRIOR

In the literature on fluctuation relations, based on thermodynam-
ics, the wording “reference prior” is absent. Its role is usually taken by
an assumption of “detailed-balance.” In all the examples that we have
looked into,1 this corresponds to the choice of the steady state as refer-
ence prior. The operational interpretation of this choice is very physi-
cal: one takes as reference the process in which nothing changes. It has

also a very neat consequence when it comes to fluctuation relations:
the ratio R(x, y) given in (35), and thus the variable that enters the
fluctuation relations, depends on the channel u only through its steady
state c. With this choice, one is clearly studying fluctuations around
equilibrium.39

Inspired by statistical comparisons, one may opt for a different
definition of the reference prior. One possibility is trying to keep pre-
diction and retrodiction as close as possible. With such goals, let us
take as a figure of merit

DKLðPF jjPR n½ �Þ ¼
X
x;y

PFðx; yÞ ln
PFðx; yÞ

PR n½ �ðx; yÞ

� �

¼
X
x;y

PFðx; yÞ ln
pðxÞ
qðyÞ þ

X
x;y

PFðx; yÞ ln
n̂ðyÞ
nðxÞ ;

which we called the reverse Kullback–Leibler distance in the Sec. IV.
Only the second term depends on the reference prior; besides, it does
not depend on q(y), but does depend on p(x) that may be arbitrary.
We may then choose n as to minimize the average of DKLðPF jjPR½n�Þ
over all possible choices of p. Upon such averaging, pðxÞ ! 1

d. Thus we
want to find nD ¼ argminF½n� with

F n½ � ¼
X
x;y

uðyjxÞ ln n̂ðyÞ
nðxÞ : (36)

Interestingly, we have:
Result 4. The reference prior that minimizes (36) is nDðxÞ ¼ 1

d the
uniform prior, for every u.

We present the proof in Appendix.
In the same spirit, one can study the reference priors that mini-

mize other figures of merit averaged over the possible priors p(x) and
q(y). We run some simple numerical checks at d¼ 2 for two other fig-
ures of merit. For the Kullback–Leibler distance DKLðPR½n�jjPFÞ, the
steady state is generically not optimal, while the uniform prior seems
to be optimal again, even though the dependence on n is different
from (36). For the guessing probability, i.e., the probability that
argmaxPFðx; yÞ ¼ argmaxPR½n�ðx; yÞ, neither the steady state nor the
uniform prior are generically optimal.

VI. FINAL CONSIDERATIONS: DO WE NEED A REVERSE
PHYSICAL PROCESS?

The everyday meaning of (ir)reversibility in nature is captured by
the perceived “arrow of time”: if the video of the evolution played
backward makes sense, the process is reversible; if it does not make
sense, it is irreversible.

TABLE I. Fluctuation relations (FRs) obtained in the retrodictive and in the reverse-process narratives, for a few choices of x satisfying (29) for the corresponding f-divergence.
The fourth column is kept in the form (34) without possible algebraic simplifications, to facilitate the identification of gðxÞ and jg0ðxÞj.

x ¼ f ðrÞ f-Divergence FR for retrodiction (30) FR for reverse process (34) Integral FR (31)

�ln ðrÞ Reverse Kullback–Leibler lRðxÞ ¼ e�xlFðxÞ ~lRð�xÞ ¼ e�xlFðxÞ he�xiF ¼ 1

ð1�
ffiffi
r
p
Þ2 Squared Hellinger lRðxÞ ¼ ð1�

ffiffiffiffi
x
p
Þ2lFðxÞ ~lR

x

ð1�
ffiffiffiffi
x
p
Þ2

� � 1þ
ffiffiffiffi
x
p

ð1�
ffiffiffiffi
x
p
Þ2
¼ ð1�

ffiffiffiffi
x
p
Þ2lFðxÞ

hð1�
ffiffiffiffi
x
p
Þ2iF ¼ 1

1=r � 1 Neyman v2
lRðxÞ ¼

1
1þ x

lFðxÞ ~lR
x

1þ x

� �
1

ð1þ xÞ2
¼ 1

1þ x
lFðxÞ

D 1
1þ x

E
F
¼ 1
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Science has gone very far in bringing this intuition on quantita-
tive ground. The standard underlying narrative still involves two pro-
cesses: the one that we observe, and the associated reverse process (not
deemed to be strictly impossible, but very unlikely). This reverse pro-
cess is generically not the video played backward: to cite an extreme
example, nobody conceives bombs that fly upward to their airplanes
while cities are being built from rabble.40,41 In the case of controlled
protocols in the presence of an unchanging environment, the reverse
process is implemented by reversing the protocol. If the environment
were to change (in an uncontrolled way, by definition of environ-
ment), the connection between the physical process and the associated
reverse one becomes thinner.

With our line of research, we are exploring the possibility that
the narrative of the reverse process may not be needed at all. In the
wording pioneered by Watanabe, irreversibility may be rather irretro-
dictability. So far, this program has found no obstacle, and has even
clarified situations that were deemed puzzling in the case of some
quantum channels.1 The vistas opened by this approach also allow to
expand the scope of fluctuation relations (Sec. IV) and discuss the
choice of a reference prior (Sec. V).

Barring surprises �a la John Bell, this conflict of narratives will not
be discriminated by experiments. Indeed, on the one hand, the retro-
diction channels (both classical and quantum) are by construction
valid channels: nothing forbids the physical implementation of the
corresponding processes, as indeed was done in the experimental veri-
fications of Crooks’ theorem.36 On the other hand, to falsify the retro-
dictive narrative, one would have to find a reverse process related to its
original process in a way that cannot be expressed by (or worse, con-
tradicts) logical reasoning: it is hard to see how such a claim could
ever be made. So, one’s narrative of choice will depend on the fruitful-
ness of the intuition, the economy of concepts, the elegance of the for-
mulas… In this paper, we have hinted at the superiority of the
retrodictive narrative in all these respects.
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APPENDIX: THE REFERENCE PRIOR THAT
MINIMIZES THE AVERAGE KULLBACK–LEIBLER
DISTANCE

Consider a generic classical channel u with d-dimensional
input and output alphabets. Denote the reference prior as nðxÞ
¼ 1

d ð1þ uxÞ with �1 � ux � d � 1 and
P

x ux ¼ 0. With this
parametrization, F½n� � FðuÞ with

FðuÞ ¼
X
xy

uðyjxÞ ln
P

x0 uðyjx0Þð1þ ux0 Þ
1þ ux

� �
:

On the uniform prior (ux ¼ 0 for all x), this takes the value

Fð0Þ ¼
X
xy

uðyjxÞ ln
X
x0

uðyjx0Þ
� �

:

Thus, D � FðuÞ � Fð0Þ is equal to

D ¼
X
xy

uðyjxÞ ln

X
x0

uðyjx0Þð1þ ux0 ÞX
x0

uðyjx0Þ

0
BB@

1
CCA�X

x

ln ð1þ uxÞ

	
X
xy

uðyjxÞ

X
x0

uðyjx0Þ ln ð1þ ux0 ÞX
x0

uðyjx0Þ
�
X
x

ln ð1þ uxÞ

¼
X
x;y

uðyjxÞ ln ð1þ uxÞ �
X
x

ln ð1þ uxÞ ¼ 0 ;

where the inequality is Jensen’s inequality on the first term. Thus,
we have proved that

FðuÞ � Fð0Þ 	 0 for all u: (A1)
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