
Device-Independent Tests of Quantum Measurements

Michele Dall’Arno,1,* Sarah Brandsen,1,2,† Francesco Buscemi,3,‡ and Vlatko Vedral4,1,§
1Centre for Quantum Technologies, National University of Singapore, 3 Science Drive 2 117543, Singapore

2California Institute of Technology, 1200 E. California Blvd, Pasadena, California 91125, USA
3Graduate School of Informatics, Nagoya University, Chikusa-ku, Nagoya 464-8601, Japan

4Atomic and Laser Physics, Clarendon Laboratory, University of Oxford, Parks Road, Oxford OX13PU, United Kingdom
(Received 25 September 2016; revised manuscript received 17 May 2017; published 22 June 2017)

We consider the problem of characterizing the set of input-output correlations that can be generated by
an arbitrarily given quantum measurement. Our main result is to provide a closed-form, full characteri-
zation of such a set for any qubit measurement, and to discuss its geometrical interpretation. As
applications, we further specify our results to the cases of real and complex symmetric, informationally
complete measurements and mutually unbiased bases of a qubit, in the presence of isotropic noise. Our
results provide the optimal device-independent tests of quantum measurements.
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In operational quantum theory, it is a natural question to
ask whether a given data sample, provided in the form of a
conditional probability distribution representing the mea-
sured input-output correlation, is compatible with a par-
ticular hypothesis about the theoretical model underlying
the experiment. A theoretical model can be more or less
specific: for example, it could consist only of a general
hypothesis about the theory describing the physics, as in the
case in Bell tests [1–3], or it could be extremely detailed, as
in the case of a tomographic reconstruction [4–6]. More
generally, a hypothesis could be specific about a portion of
the underlying model, while leaving the remaining ele-
ments completely uncharacterized.
Here, we address hypotheses about the measurement

producing the final outcomes of the experiment. This is the
problem of characterizing the set SðπÞ of all input-output
correlations pyjx ¼ Tr½ρxπy� compatible with an arbitrarily
given quantum measurement π ≔ fπyg (i.e., the hypoth-
esis) and any family of input quantum states fρxg, namely,

ð1Þ

We first note that a correlation p is compatible with
measurement π if and only if for any fixed x there exists
a state ρx such that pyjx ¼ Tr½ρxπy�. Hence, SðπÞ is fully
characterized by the range of π, namely, the set S1ðπÞ of
output distributions qy ¼ Tr½ρπy� generated by π for vary-
ing input state ρ. This is in stark contrast with the analogous
problem of characterizing the set of correlations compatible
with a given quantum channel, which in general requires
more than one input [7].
Our main result is a closed-form characterization of the

range S1ðπÞ, and hence of the set SðπÞ of all compatible
correlations, when the hypothesis π is a qubit measurement.
It turns out that an output distribution qy belongs to S1ðπÞ if
and only if

� ð1 −QþQÞðq − tÞ ¼ 0;

ðq − tÞTQþðq − tÞ ≤ 1;
ð2Þ

where 1 is the identity matrix, t is the vector ty ≔ 1
2
Tr½πy�,

Q is the matrix Qy0;y1 ≔
1
2
Tr½πy0πy1 � − 1

4
Tr½πy0 �Tr½πy1 �, and

ð·Þþ represents the Moore-Penrose pseudoinverse [8].
Imposing the system of equalities in Eq. (2) causes linear
dependencies—if any—among measurement elements πy
to emerge as linear constraints on the probabilities. Such
linear dependencies are present, for example, in any over-
complete measurement. Provided that these constraints are
satisfied, the inequality in Eq. (2) recasts—through the
transformation Qþ—the set of distributions compatible
with π as an ellipsoid centered on distribution t. This in
particular provides a simple and clear geometrical repre-
sentation for the range of any qubit measurement.
As an application of our general results, we further

simplify Eq. (2) for some relevant classes of qubit measure-
ments, i.e., symmetric informationally complete (SIC) mea-
surements [9] and mutually unbiased bases (MUBs) [10],
both in the real and complex cases, and in the presence of
isotropic noise. SICmeasurements play a fundamental role in
quantum tomography [4–6], quantum communication
[11–17], and foundations of quantum theory [18–22], while
MUBs are pivotal elements in quantum cryptography [23],
entropic uncertainty relations [24–26], and the locking of
classical information in quantum states [27].
Our results represent a further step towards characteriz-

ing timelike correlations compatible with quantum theory
through device-independent (DI) tests [7]. The aim of DI
tests is that of falsifying hypotheses about the underlying
physical system, which is considered accessible only
through the classical input-output correlations it generates.
In particular, no assumptions are made about the under-
lying physical system or how such correlations have been
generated. This approach has been considered in the
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previous literature for the problems of falsifying hypotheses
about the dimension [28–31] or the average entropy [32] of
the input ensemble.
However, while here we provide a full characterization of

SðπÞ [in particular, for the qubit case, the ellipsoid described
in Eq. (2) can be plotted], the application of previous results
[28–32] would allow one to probe SðπÞ along a fixed radial
direction only. In this sense, our results provide optimal DI
tests of quantum measurements, aimed at falsifying the
hypothesis that an observed input-output correlation pyjx is
generated by a given quantum measurement fπyg.
Characterization of SðπÞ.—We make use of standard

results in quantum information theory [33]. Any quantum
state ρ is most generally described by a density matrix,
namely, a positive semidefinite unit-trace operator. Any
quantum measurement π is most generally described
by a positive operator-valued measure (POVM) π≔fπyg,
namely, a set of positive semidefinite operators such thatP

yπy ¼ 1.
For any POVM π ≔ fπygn−1y¼0, where n denotes the

number of elements, the set SðπÞ of compatible input-
output correlations is formally defined as SðπÞ ≔
⋃∞

m¼1 SmðπÞ, where SmðπÞ denotes the set of compatible
conditional probability distributions p ≔ fpyjxg, upon the
input of any set of m unknown states fρxg, that is,

SmðπÞ ≔ fpj ∃ fρxgm−1
x¼0 s:t:pyjx ¼ Tr½ρxπy�g:

First, we notice that, for any fixed m, SmðπÞ is convex:
indeed, for any two sets fρxg and fσxg of m states, the
conditional probability distribution fpyjx ≔ λTr½σxπy� þ
ð1 − λÞTr½ρxπy� ¼ Tr½ðλσx þ ð1 − λÞρxÞπy�g belongs to
SmðπÞ, since fλσx þ ð1 − λÞρxg is itself a set of m states.
Therefore, as a consequence of the hyperplane separation

theorem [34], it is possible to detect any conditional
probability p lying outside the set SmðπÞ through the
violation of an inequality involving a linear function of p
[35]. More explicitly, p ∈ SmðπÞ if and only if

max
w

½Tr½wTp� −Wðπ; wÞ� ≤ 0; ð3Þ

where the maximum is over any real matrix w (with the
same dimensions as p), referred to as a witness, and
Wðπ; wÞ is defined as maxq∈SmðπÞTr½wTq� and is referred
to as a witness threshold. Notice that Eq. (3) corresponds to
an unconstrained maximin optimization problem.
As a preliminary remark, let us discuss two properties of

Eq. (3) thatwill be relevant in the following. SinceWðπ; wÞ is
a positive homogeneous function, i.e.,Wðπ;αwÞ¼αWðπ;wÞ
for any α ≥ 0, the rescaling transformation w → αw for any
α > 0 leaves Eq. (3) invariant. Moreover, by direct compu-
tation it follows that Eq. (3) is invariant under the shifting
transformation w → w0, where w0

x;y ≔ wx;y þ kx, for any k⃗.
Let us first solve the optimization appearing in the

definition of Wðπ; wÞ. One has

Wðπ; wÞ ≔ sup
fρxg

X
x

Tr

�
ρx

�X
y

wx;yπy

��

≤
X
x

sup
fρxg

Tr

�
ρx

�X
y

wx;yπy

��
;

where the inequality is saturated if and only if
fρx ≔ jϕxihϕxjg, where fjϕxig are the eigenvectors cor-
responding to the largest eigenvalue of

P
ywx;yπy. In this

case one has Tr½ρxð
P

ywx;yπyÞ� ¼ λmaxð
P

ywx;yπyÞ, where
λmaxð·Þ denotes the largest eigenvalue of ð·Þ. Notice that
λmaxð·Þ is a convex function [34]. Then, our first prelimi-
nary result immediately follows.
Proposition 1. (Witness threshold) For any POVM π

and any witness w, the witness threshold Wðπ; wÞ is
given by

Wðπ; wÞ ¼
X
x

λmax

�X
y

wx;yπy

�
: ð4Þ

Proposition 1 recasts the optimization in Eq. (3) as an
unconstrained concave maximization problem over any
witness w.
The transformation w → w0, where w0

x;y ≔ μxwx;y with μ
a probability distribution, i.e., ∥μ∥1 ¼ 1 and μ ≥ 0 [here
and in the following ∥v∥p ≔ ðPkv

p
k Þ1=p denotes the p

norm of vector v], maps Eq. (3) into

max
μ≥0

∥μ∥1¼1

max
w

X
x

μx

�X
y

pyjxwx;y − λmax

�X
y

wx;yπy

��
≤ 0;

where the maximum over probability distributions μ is of
course attained when μx ¼ δx;x� with

x� ¼ argmax
x

max
w

�X
y

pyjxwx;y − λmax

�X
y

wx;yπy

��
:

To summarize, the above calculation shows that the opti-
mization of the witness w can be done independently for
each x. We therefore obtain our second preliminary result.
Proposition 2. For any given POVM π ≔ fπyg, a condi-

tional probability distribution pyjx belongs to SðπÞ if and
only if, for any fixed x ¼ x̄, qy ≔ fpyjx̄g belongs to S1ðπÞ.
Because of Proposition 2, without loss of generality we

solve the optimization problem in Eq. (3) when m ¼ 1.
Hence, in the followingwewill consider output distributions
q ¼ fqyg rather than input-output distributions p ¼ fpyjxg.
Range of qubit measurements.—In what follows, we

restrict our attention to the case of qubit POVM π. Let
t ∈ Rn and S ∈ Rn×3 be defined by ty ≔ Tr½πy�=2 and
Sy;j ≔ Tr½πyσj�=2, where fσjg3j¼1 are the Pauli matrices
fσ1 ≡ X; σ2 ≡ Y; σ3 ≡ Zg for some fixed computational
basis, so one has πy ¼ ty1þP

3
k¼1 Sy;kσk. Naturally, our

result will be independent of the particular choice of the
computational basis. With this parametrization, the witness
threshold in Eq. (4) becomes
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Wðπ; wÞ ¼ tTwþ ∥STw∥2:

Accordingly, Eq. (3) becomes

max
w

½ðq − tÞTw − ∥STw∥2� ≤ 0: ð5Þ

For any w such that ðq − tÞTw ≠ 0, let α ≔ jðq − tÞTwj and
w0 ≔ α−1w, and let w0 ¼ w otherwise. The transformation
w → w0 leaves Eq. (3) invariant. So Eq. (5) becomes

max
w

ðq−tÞTw¼�1;0

½ðq − tÞTw − ∥STw∥2� ≤ 0: ð6Þ

If ðq − tÞTw ¼ −1, 0, one has that Eq. (6) is trivially
satisfied. Thus, we focus in the following on the case
ðq − tÞTw ¼ 1, when Eq. (6) becomes

min
w

ðq−tÞTw¼1

∥STw∥22 ≥ 1: ð7Þ

The optimization in Eq. (7) is an equality-constrained
quadratic problem. Its solution leads to our second main
result.
Theorem 1 (Range of qubit measurements) An output

distribution q ≔ fqyg belongs to the range S1ðπÞ of any
given qubit measurement π ≔ fπyg if and only if

� ð1 −QþQÞðq − tÞ ¼ 0;

ðq − tÞTQþðq − tÞ ≤ 1;
ð8Þ

where 1 is the identity matrix, t is the vector ty ≔ 1
2
Tr½πy�,

Q is the matrix Qy0;y1 ≔
1
2
Tr½πy0πy1 � − 1

4
Tr½πy0 �Tr½πy1 �, and

ð·Þþ represents the Moore-Penrose pseudoinverse.
Before proceeding to prove Theorem 1, let us discuss the

role of thematrixQ and provide a geometrical interpretation.
The matrix Q, which has a form resembling a covariance

matrix, quantifies the statistical overlap of POVM elements.
Indeed, as proved in Proposition 3 in the Supplemental
Material [36], elementQy0;y1 isminimized and equal to−1=4
if πy0 and πy1 are rank-1, unit-trace, orthogonal effects. Also,
elementQy0;y1 is maximized and equal to 1=4 if y0 ¼ y1 and
πy0 is a rank-1, unit-trace effect. Finally, elementQy0;y1 ¼ 0 if
πy0 and πy1 are both proportional to the identity operator.
Let us first focus on the system of equalities in Eq. (8).

Denoting by l themaximumnumber of linearly independent
elements in fπyg, the number of equations in the system is
n − lþ 1, each identifying an (n − 1)-dimensional hyper-
plane. This comes from the fact that, by definition, one has
rankQþQ ¼ l − 1, which also implies rankð1−QþQÞ¼
n−lþ1. Moreover, when all POVM elements are linearly
independent, namely, n ¼ l, the only equation in the system
is ∥q∥1 ¼ ∥t∥1 ¼ 1. This follows by explicit computation:
in this case, ð1 −QþQÞ turns out to coincidewith the rank-1
projector along the vector with all unit entries. Hence, in
general, the system of equalities in Eq. (8) represents linear
dependencies among POVM elements fπyg.

Let us now focus on the inequality in Eq. (8), which
represents an n-dimensional degenerate (hyper)ellipsoid
centered on probability t. More precisely, the inequality
represents the Cartesian product of Rn−3 with a three-
dimensional ellipsoid, or Rn−2 with a two-dimensional
ellipse, or Rn−1 with a one-dimensional segment, depend-
ing on whether l ¼ 4, 3, 2, respectively. Accordingly, the
solution of Eq. (8) is an ellipsoid, an ellipse, or a segment,
respectively, embedded in Rn.
We now turn to the proof of Theorem 1.
Proof.—By explicit computation, it immediately follows

that matrix Q defined in the statement can be written in
terms of matrix S in Eq. (7) as Q ¼ SST . Indeed, using the
decomposition πy ¼ ty1þP

3
k¼1 Sy;kσk one immediately

has 1
2
Tr½πy0πy1 � ¼ ty0ty1 þ

P
3
k¼1 Sy0;kSy1;k.

Equality-constrained quadratic problems can be solved
explicitly [8,34]. In the case of Eq. (7) we thus have

�
w ¼ −λQþðq − tÞ þ ð1 −QþQÞv;
λðq − tÞTQþðq − tÞ ¼ ðq − tÞð1 −QþQÞv − 1;

ð9Þ

where λ is a Lagrange multiplier and v is an arbitrary vector.
Notice that ðq − tÞTQþðq − tÞ ≥ 0 since Qþ ≥ 0 and

that ðq − tÞTð1 −QþQÞðq − tÞ ≥ 0 since ð1 −QþQÞ is a
projector. We need to distinguish four cases in Eqs. (9).
First case. Let ðq − tÞTQþðq − tÞ > 0 and

ðq − tÞTð1 −QþQÞðq − tÞ > 0. Upon taking

v ¼ ð1 −QþQÞðq − tÞ
ðq − tÞTð1 −QþQÞðq − tÞ ;

one has λ ¼ 0 and w ¼ v. Therefore, ∥STw∥22 ¼ 0; namely,
probability q is incompatible with POVM π.
Second case. Let ðq − tÞTQþðq − tÞ ¼ 0 and

ðq − tÞTð1 −QþQÞðq − tÞ > 0. Upon taking v again as
above, one has that λ is undetermined and w ¼ v.
Therefore, ∥STw∥22 ¼ 0; namely, probability q is incom-
patible with POVM π.
Third case. Let ðq − tÞTQþðq − tÞ > 0 and

ðq − tÞTð1 −QþQÞðq − tÞ ¼ 0. Upon taking v ¼ 0 one
has

λ ¼ −
1

ðq − tÞTQþðq − tÞ
and

w ¼ Qþðq − tÞ
ðq − tÞTQþðq − tÞ :

Therefore, one has

∥STw∥22 ¼ ½ðq − tÞTQþðq − tÞ�−1
2;

namely, probability q is compatible with POVM π only if
Eqs. (8) are satisfied.
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Fourth case. Let ðq − tÞTQþðq − tÞ ¼ 0 and ðq − tÞT×
ð1 −QþQÞðq − tÞ ¼ 0. Condition ðq − tÞTQþðq − tÞ ¼ 0
implies jSþðq − tÞj2 ¼ 0 and thus Sþðq − tÞ ¼ 0 and thus
QQþðq − tÞ ¼ 0 and thus QþQðq − tÞ ¼ 0. For the final
implication we used the fact that from the definition of
the Moore-Penrose pseudoinverse and the symmetry of
Q it follows that QþQ ¼ ðQþQÞT ¼ QTðQTÞþ ¼ QQþ.
Condition ðq − tÞTð1 −QþQÞðq − tÞ ¼ 0 implies ð1−
QþQÞðq−tÞ¼0 since 1 −QþQ is a projector. Therefore,
altogether they imply the following system�

QþQðq − tÞ ¼ 0;

ð1 −QþQÞðq − tÞ ¼ 0:

This system in turn implies q ¼ t and therefore probability
q is compatible with POVM π (upon input of 1=d).
Therefore, ðq − tÞTð1 −QþQÞðq − tÞ ¼ 0 is necessary

for probability p to be compatible with POVM π. Notice
also that ðq − tÞTð1 −QþQÞðq − tÞ ¼ 0 if and only if
ð1 −QþQÞðq − tÞ ¼ 0. Therefore, probability p is com-
patible with POVM π if and only if Eqs. (8) are satisfied.□
Applications.—We have provided a full characterization

of SðπÞ in terms of S1ðπÞ for any POVM in Proposition 2,
and a closed-form full characterization of S1ðπÞ for any
qubit POVM in Theorem 1. As an application, let us now
specify our general results to the depolarized versionD†

λðπÞ
of any qubit SIC POVM or MUB π ≔ fπyg.
We first recall that the depolarizing channel Dλ,

modeling isotropic noise, is defined as Dλ∶ρ →
λρþ ð1 − λÞTr½ρ�d−11 for any state ρ, and D†

λ denotes
channel D in the Heisenberg picture, i.e., Tr½DλðρÞπy� ¼
Tr½ρD†

λðπyÞ� for any state ρ and any effect πy.
An informationally complete rank-1 POVM fπyg such

that hπyjπyi ¼ Nd and jhπyjπy0≠yij2 ¼ N2
dC

2
d, for some Nd

and Cd that depend only on the dimension d, is called SIC.
By trivial computation, it follows that Nd ¼ 2ðdþ 1Þ−1
and Cd ¼ ðd − 1Þðd2 þ d − 2Þ−1 for real SIC POVMs, and
Nd ¼ d−1 and Cd ¼ ðdþ 1Þ−1 for complex SIC POVMs.
In the qubit case, the only real and complex SIC POVMs
are, up to unitaries and antiunitaries, the trine and tetra-
hedral POVMs, respectively.
Then, the following result follows from Theorem 1, as

shown in the Supplemental Material [36].
Corollary 1. An output probability distribution

q ¼ fqyg belongs to the set S1ðD†
λðπÞÞ if and only if

∥q∥22 ≤
λ2 þ 2

6
;

if π is a real SIC measurement, and

∥q∥22 ≤
λ2 þ 3

12
;

if π is a complex SIC measurement.

An informationally complete rank-1 POVM fπz;tg
such that fjπz;tig is an orthonormal basis for any t,
hπz;tjπz;ti ¼ Nd, and jhπz0;t0 jπz;tij2 ¼ N2

dC
2
d for t ≠ t0, for

some Nd and Cd that depend only on the dimension d, is
called a mutually unbiased basis (MUB). By trivial
computation, it follows that Nd ¼ ⌊d=2þ 1⌋−1 and Cd ¼
d−1 for real MUBs, and Nd ¼ ðdþ 1Þ−1 and Cd ¼ d−1 for
complex MUBs. In the qubit case, the only real and
complex MUBs are, up to unitaries and antiunitaries, the
square and octahedral POVMs, respectively.
Then, the following result follows from Theorem 3, as

shown in the Supplemental Material [36].
Corollary 2. An output probability distribution q ¼

fqyg belongs to the set S1ðD†
λðπÞÞ if and only if

� q2y þ q2yþ1 ¼ 1
2
; y ¼ 0; 1;

jjqjj22 ≤ λ2þ2
8

;

if π is a real MUB, and
� q2y þ q2yþ1 ¼ 1

3
; y ¼ 0; 1; 2;

jjqjj22 ≤ λ2þ3
18

;

if π is a complex MUB.
Conclusion and outlooks.—We addressed the problem of

characterizing the set SðπÞ of input-output correlations
compatible with any given POVM π, upon the input of
any set of states. We provided as preliminary results a
complete characterization of SðπÞ in terms of S1ðπÞ, i.e.,
the range of π, only. This is in stark contrast with the
analogous scenario with respect to quantum channels, which
in general requires more than one input [7]. Our main result
was to conclusively settle the problem for qubit POVMs, by
deriving a full characterization of the range S1ðπÞ for any
given qubit POVM π, geometrically interpreted as an ellip-
soid embedded in an n-dimensional real space. As applica-
tions, we explicitly discussed the particular cases of qubit real
and complex SIC POVMs and MUBs in the presence of
isotropic noise.Our results represent a further step towards the
characterization of timelike correlations compatible with
quantum theory [7]. In this sense, our results provide the
optimal device-independent test of quantum measurements.
An important problem left open is that of providing a

closed-form full characterization of the range S1ðπÞ for
POVMs in dimensions higher than 2. An interesting related
problem is that of characterizing the set of correlations
compatible with a given family of states, rather than a given
POVM. Finally, we would like to mention a possible
application of our results in the context of clean POVMs
[37], where it has been shown that, for any two POVMs π
and Π, whenever S1ðπÞ ⊆ S1ðΠÞ, one has that π ¼ LðΠÞ
for some linear map L that is positive on the support of Π.
The implications of Theorem 1 in this context will be
addressed by the present authors in a forthcoming work.
Remarkably, any observed input-output correlation fal-

sifies some hypothesized POVMs. Thus, the presented
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results are particularly suitable for experimental implemen-
tation, for example, by using the techniques and statistical
analysis discussed in Refs. [29,30], including an analysis of
the effects of finite statistics.
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